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Preface 


The present volume contains hints or full solutions to many of the exer- 
cises in two volumes of Lecture Notes on Differential Geometry |[Gho07| by 
Mohammad Ghomi, Professor of Mathematics, Georgia Institute of Tech- 
nology, and in the first eight chapters of the text Riemannian Geometry 
|Car92] by Manfredo do Carmo, Emeritus Researcher at the IMPA. Solving 
problems being an essential part of the learning process, my goal is to pro- 
vide those learning and teaching differential geometry with a large number 
of worked out exercises. Ghomi’s notes and do Carmo’s textbook cover most 
“superb” topics in “classical” differential geometry that are usually taught 
at the undergraduate level: the four vertex theorem, Fairy-Milnor theorem, 
Gauss’s Theorema Egregium, and the Gauss-Bonnet theorem; and topics 
in “modern” differential geometry that are usually taught at the graduate 
level: geodesics, the Riemann curvature tensor, Jacobi fields, Hopf-Rinow 
and Hadamard theorems, and spaces of constant curvature. Therefore this 
solutions manual can be helpful to anyone learning or teaching differential 
geometry at both levels. 

As Ghomi’s notes and do Carmo’s textbook contain exercises to test the 
student’s understanding and extend knowledge and insight into the subject, 
I encourage the reader to work through all of the exercises. To make the 
solutions concise, I have included only the necessary arguments; the reader 
may have to fill in the details to get complete proofs. 

Comments and questions on possibly erroneous solutions, as well as 
suggestions for more elegant or more complete solutions will be greatly 
appreciated. 


Huy Bui 
Georgia Tech, 2019 


Part 1 


Curves and Surfaces 


EXERCISE 1 (The simplest proof of the Cauchy-Schwartz inequality). 
For all p and q in R”. Prove that the equality holds if and only if p = Aq 
for some A € R without using either the quadratic formula or the Lagrange 
multipliers. 


SOLUTION. Assume, as in the second proof above, that ||p|| = ||q|| = 1. 
Then 
0 < |lp — (p, 4) all” 
= 0 < (p— (p, 4) 4, P — (P94) 4) 
a 0 < (pp) — ((p, 4)” — ((p, 4)? + ((p,@))” Ila? 
= 0 < [Ip|l’ — 2((p, 4)” + ((p, 4)? Hall” 
= 0 < 1—2((p,q))* + ((p, 9)” 
<= — ((p,9))" <1, 
giving that 
I(p,.g)| <1 
= |lpll llall - 
Let 
! Pp rr 4 
Pp Toy? q-77: 
Ip llall 
Then 
llpll’ = [lall’ = 1. 


Apply the result above to obtain 
(a. 7) ip 
Ip Il llall 


I(p,9)| < llpll llall . 
The case p = 0 or q = 0 is trivial. 


so that 


EXERCISE 2 (The triangle inequality). Show that 


dist (p, q) + dist(q,r) > dist(p, r) 
for all p, gin R”. 


SOLUTION (1). Let 


| (p1, P2, - aa SDiys 
Go (M1, 492,-- : Gi), 


PS Th aadaes Tor) 


= Sol - a) + (@ — pa)? 





n 


=o: — %)? + 0 — pi)? +20 — GG — Ti) 
i=1 





i=l i=1 
= |lp — all? + lla— rll? +2(p—a,a-7r) 


2 2 
< |lp—all +lla—rll° +2|(p-a,4-7)| 
2 ore, 

















= |lp — ll lla—rl|* + 2|lp— all lla—rll by Cauchy-Schwartz inequality 
= (\lp — all + la— rll). 
Therefore 
llp— rll < |lp—all+ll¢—rll, 
so that 


dist(p;r) < dist(p; q) + dist(q;r), 

as required. 

SOLUTION (2). We have that 

Ip — rll? 

=(p—r,p—r) 

=((p—q)+(a-1),(p—a)+(¢-7)) 

= (p—qp-—q) +2(p—qa-r)+(q—-",4-7) 
lp — gl? +2|\(p>-—a,a—7)| +lla—rll? 
lp — all? +2 |p — all lla—ril +lla—rl 

= (lp — all + llg— rll)” 
Therefore 











2 





by Cauchy-Schwartz inequality 


lp —rll < |lp— all + lla-rll, 
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so that 
dist(p;r) < dist(p; q) + dist(q;r), 
as required. 


EXERCISE 3. Suppose that p, o, qg lie on a line and o lies between p and 
q. Show that then Zpogq = 7. 


SOLUTION. o lies between p and q so there exists the real number t < 0 
such that p—o =t(q— 0). Then 


-1_(p—0,4-0) 








x = ee eee Set Oe 
Pode Tp —olllla— Ol 
tla — = 

= cost ( (q 0),q 0) 

|é(¢ — 0)|| lla — O|| 

t\lq — 0||? 
age CeO 

|¢| |la — O|| 
= cos-/(—1) since t < 0 
= 


EXERCISE 4 (Sum of the angles in a triangle). Show that the sum of 
the angles in a triangle is 7 (Hint: through one of the vertices draw a line 
parallel to the opposite side). 


SOLUTION. Let have the triangle in the figure. Since lines a and b are 
parallel, it follows that ZBAC = ZB’'CA and ZABC = ZBCA’. Clearly, 
ZB'CA+ ZACB 4+ ZBCA' = 180° since ZB'CA, ZACB, ZBCA' does a 
complete rotation from one side of the straight line to the other. Hence 
ZABC+ZBCA+ZCAB = 180°, giving that the sum of the angles in the 
triangle ABC is 180° or 7. 





EXERCISE 5. Find a formula for the curve which is traced by the motion 
of a fixed point on a wheel of radius r rolling with constant speed on a 
flat surface (Hint: Add the formula for a circle to the formula for a line 
generated by the motion of the center of the wheel. You only need to make 
sure that the speed of the line correctly matches the speed of the circle) 


SOLUTION (Adapted from George F. Simmons, Calculus Gems: Brief 
Lives and Memorable Mathematics, McGraw-Hill, 1992.). We assume that 
the rolling circle of radius r rolls along the x-axis, starting from a position 
in which the center of circle is on the positive y-axis. The curve which is 
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traced by the rolling circle is the locus of the point P on the circle which 
was located at the origin O when the center C’ is on the y-axis. Let @ be 
the angle through which the radius C’P turns as the circle rolls to a new 
position. If x and y are the coordinates of P, then the rolling of the circle 
implies that OB = arclength BP = ré, sox = OB— AB = OB— PQ = 
ré—rsin@ =r(@—sin@). Also, y= BC — QC =r-—rcosé =r(1—cos6). 


The desired curve therefore has the reparametrization 
[0,27] 3 tS a(t) = (r(t — sint), (1 — cost)). 
This is a cycloid. 


EXERCISE 6. Show that if the position vector and velocity of a planar 
curve a: I — R? are always perpendicular, i.e., (a(t), a’(t)), for all t € J, 
then a(Z) lies on a circle centered at the origin of R°. 


SOLUTION. Let (a(t), y(t)) be the position vector, then the velocity 
vector a’ (t) = (a’(t), y/(t)). 


(a(t), a’ (t)) =0 
= a(t)a!(#) + ylt)y'(t) =0 
= £ (a(t) +¥(H) = 0 
= a(t) + y?(t) =C, 


for some constant C. Thus a(J) lies on a circle centered at the origin of 


R?’. 


EXERCISE 7. Compute the length of a circle of radius r, and the length 
of one cycle of the curve traced by a point on a circle of radius r rolling on 
a straight line. 


SOLUTION. The reparametrization of a circle centered at the origin 
having radius r is 


(0, 27] 3 t 4 a(t) = (rcost,rsint). 
Then 


a’ (t) = (—rsint,r cost). 


The length of this circle is 
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27 
length = [ la'(#)|| at 
0 





27 
= : Vr? sin? t + r2 cos? t dt 
0 


Qn 
=i dt since sin?t +cos?t = 1 


The reparametrization of the first cycle of a cycloid through the origin, 
with a horizontal base given by the line y = 0, is 


[0, 27] 3 tS a(t) = (r(t — sint), r(1 — cost)). 


Then 


al (t) = (r —rcost,rsint). 


The length of one cycle of this cycloid is 
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== val (r — rcost)? + (rsint)? dt 


a 
=, (1 - cost)? + sin? t dt 


=r YD t dt. 


20 
=F s/f 2(1 — cost) dt 


0 


Qn 
/ t 
=r f Asin? — since 1 — cost = 2sin? 3 
= 2 a 
r Ve sin — 5 


t 
S224 © 20 
reos Slo 
= 4r — (—4r) 
= 8r. 








EXERCISE 8. Show that if a: [a,b] + R? is a closed curve with width 
w and length L, then 


wes 


an li 


SOLUTION. We prove this by contradiction. Assume that L < mw. Let 
H be the convex hull of the set of points bounded by the closed curve a. 
Let length[{MN] be the width of #, where M and N are points in the 
boundary § of #. Stretch 6 into a circle Cy. Then length[Cq] < L since 
concave arcs are replaced by straight segments. The radius of Cq is 


‘ _ length[Ca] y L ete _w 
i: ies) an) ae 





12 


This implies that length[MN] < 2r. < w, contradicting the the minimality 
of w as the width of a. Therefore 
L 
war. 
T 
EXERCISE 9. Show that if the equality in the exercise above holds then 


is a curve of constant width. 


SOLUTION. Suppose the equality in the exercise above holds, that is, 


w=, 
1 


which is a constant. Therefore the curve has a constant width, for example, 
the circle of radius w/2. The reverse is also true. It has been known since 
Barbier in 1s6(}| and follows from the Cauchy-Crofton formula, that for 
closed planar curves L/w > 7, where equality holds only for curves of 
constant width. (see Ghomi, Mohammad. (2016). The length, width, and 
inradius of space curves. Geometriae Dedicata. 10.1007/s10711-017-0312- 
BIE 
1 


EXERCISE 10. Show that the curvature of a circle of radius r is = 


r? 
and the curvature of the line is zero (First you need to find arclength 


parametrizations for these curves). 


SOLUTION. We saw earlier in Section 1.1 of Lecture Notes 1 that the 
parametrization of a circle of radius r with respect to arc length was 


(0, 27] 3 t- (rcos(t),rsin(t)) € R?. 
First, we need to compute T(t). By definition, 


a'(t) 


PO) = TOT 


So, we must first compute a’(t). 





al(t) = (r(-+ sin(")), r= cos(4))) 
- (—sin(=),cos()). 


lm. Barbier. Note sur le probl‘eme de l’aiguille et le jeu du joint couvert. Journal 
de math “ematiques pures et appliqu “ees, pages 273-286, 1860. 
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We can see that 











Thus 


It follows that 





and therefore 














K(t) = ||" 
= (2 eos(4y)? + (2 sin’) 
= if a(cos*(©) + sin?(—)) 
a 


In other words, the curvature of a circle is the inverse of its radius. This 
agrees with our intuition of curvature. Curvature is supposed to measure 
how sharply a curve bends. The larger the radius of a circle, the less it will 
bend, that is the less its curvature should be. This is indeed the case. The 
larger the radius, the smaller its inverse. 
Earlier also in Section 1.1 of Lecture Notes 1, we found that the parametriza- 

tion of a line which passes through a point p € R”and is parallel to the 
vector v € R”, with respect to arc length was 


[0,27] t+ p+tve€ R”. 





As before, we need to compute T(t) which can be obtained from a’(t). 
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a/(t)=veER". 


We can see that 


Io" (#)]| = |lu|| eR. 
Thus 


U 
T(t) = —_ ER”. 
aie 


Notice that each component of T(t) is a scalar, so differentiating T(t), we 
get 


Pa) = (002.20) eR 


and therefore 


R(t) = ||P" 
=0. 


EXERCISE 11. Show that the curvature of a planar curve which satisfies 
the equation y = f(x) is given by 


F"(@) 
(/1+ (F(a))?)>- 


(Hint: Use the parametrization a(t) = (t, f(t),0), and use the formula in 
previous exercise.) Compute the curvatures of y = x, x”, «°, and 7. 


az) = 





SOLUTION. First, let us remark that it is easy to parametrize the curve 
given by y = f(x) as a parametrized curve. We can simply use 


v= 
y = f(x) 
Z= 0. 


Using t as the name if the parameter. Thus, the position vector of our 
curve a(t) = (t, f(t),0). It follows that 


a’(t) = (1, f'(«), 0), 


and 
a(t) = (0, f"(x), 0). 
Thus 
a’(t) x a(t) = (0,0, f"(x)) 
Hence 
Ila’(é) x a’"()|| = []F"(@) | 
and 


_ le® xe" 
lar? 


in Exercise 9 of Lecture Notes 2, we obtain 


FI 
(J1 + (F(@))?)> 


We illustrate these formulas with some examples. If y = x, then 





RCC) S 





If y = 2, then 
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If y = x, then 








If y = «+, then 


F"(@) 
(/1+ Fay? 
|120:?| 
~ (i+ Gee 
123? 
(V1 + 162)3° 
EXERCISE 12. Let a,@: (—1,1) > R? be a pair of C? curves with 
a(0) = 6(0) = (0,0). Further suppose that a and 6 both lie on or above 


the z-axis, and 6 lies higher than or at the same height as a. Show that 
the curvature of 6 at t = 0 is not smaller than that of a at t = 0. 





K(x) = 





SOLUTION. Let v(t) be the tangent at t = 0 of a. Consider the rotation 


R= ( cos(— tan! v(0)) —sin(— tan! v(0)) ) . 


sin(—tan~!v(0)) — cos(— tan! v(0)) 
Then R; ca has the tangent at t = 0 be the z-axis. Hence 
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(Ri 0 a)'(0) = 0. 
Let Ka(t) be the curvature of a. Then 


IF") 
(/1 + (F'(@))?)? 


Similarly, let Rg be the rotation for G, then since 6 > a, so consider an 
open neighborhood V sufficiently small and use Taylor expansion to obtain 





K (0) |(R1 ° a)(0)| by the formula «(t) = 


i2Gscpe Roos sl(Re SG HeAOlE Hoe): one ese 


implying 


(Rz 0 8)"(0) 2 (Rio a)"(0) 2 0 


since R; oa lies above the x-axis, so it is convex in some neighborhood U 
of 0, so (R10 a)” > 0. Moreover, 


Therefore (0) > Kq(0). 


EXERCISE 13. Show that if a: J + R? is a C? closed curve which is 
contained in a circle of radius r, then the curvature of a has to be bigger 
than 1/r at some point. In particular, closed curves have a point of nonzero 
curvature. (Hint: Shrink the circle until it contacts the curve, and use the 
exercise above). 


SOLUTION. Consider an arbitrary pointa(to) on the closed curve a. 
Shrink the circle C until it contacts the curve a at the point a(to). Let Cy 
be the shrunk circle. Then the radius r, of the circle C; is smaller or equal 
to the radius r of the circle C’. Define the rectangular coordinate system 
that originate at the point a(to). Exercise 11 of Lecture Note 1 gives that 
K(to) > ~ > + where x(t) is the curvature of the closed curve a. 
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EXERCISE 14. Let a: I > R? be a closed planar curve, show that 


27 
max kK 
(Hint: Recall that the width w of a is smaller than or equal to its length 
divided by 7 to show that a piece of a should lie inside a circle of diameter 
at least w). 





length[a] > 


SOLUTION. Recall that the width w of a@ is smaller than or equal to its 
length L divided by 7, that is, 


implying 


L> tw. (1) 


The definition of the width of a curve gives that a piece of a should lie 
inside a circle of diameter at least w. For any point a(t) on this piece, the 
exercise above gives the following inequality 





(t) > re 

ee w/2 w’ 

implying 

pes (2) 
k(t) ~ max k(t) 
It follows from (1) and (2) that 
27 
saat nae 


EXERCISE 15. Show that the only curves with constant zero curvature 
in R” are straight lines. (Hint: We may assume that our curve, a: I > R” 
has unit speed. Then « = |l|a||. So zero curvature implies that a = 0. 
Integrating the last expression twice yields the desired result.) 


SOLUTION. We may assume that our curve, a: J > R” has unit speed. 
If the curve a is parametrized with respect to arc length then by definition 
k = ||a”|| = 0. This is equivalent to a” = 0. Integrating the last expression 
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to obtain a’ = v € R” where ||v|| = 1. Integrating the last expression to 
obtain 

a(t) = p+ vt, 
where ||v|| = 1, p € R”. Thus the curve a is a straight line. 


EXERCISE 16. Show that T(t) and N(t) are orthogonal. (Hint: Differ- 
entiate both sides of the expression (T(t), T(t)) = 1). 


SOLUTION. We have 





_ alt) 
MO) = THO 
Thus 
IT@I = —— - lo’) 
~ Teor | 
il Be 
Hence 


= 1, 


Differentiate both sides of the last expression to obtain 


2000, TG) =0 
PO) ) HAP OF 
and 


((u(t), v(t)))’ = (ul(t), v(t) + (u(t), v'()). 


This implies that 


(T(t), ||T’(£)|| N()) = 0 


since N(t) = ie In other words, 
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|Z" (e)|| (Te), N()) = 0. 
Thus (T(t), N(t)) = 0, that is, T(t) and N(t) are orthogonal. 


EXERCISE 17. Check that the osculating circle of a is tangent to a at 
a(t) and has the same curvature as a at time t. 


SOLUTION. The osculating circle equation of a is 








s(u) - a(t) — NCO) = Fy, 


where u € [0,27]. The point a(t) satifies this equation, so a(t) € s(u) 
(note that ||N(¢)|| = 1, so ||. N(t) 


K(t) 
equation, we have 














= on From the osculating circle 


Nt Sty ae) = Nw) = a 


Differentiate both sides of the last expression with respect to u to obtain 


(s/w), s(u) ~ a(t) - =n) =0, 


for all u. Since a(t) € s(u), there exists uo € [0,27] such that s(uo) = a(t) 
and the expression above at time up is 


(!(uo) s(u) = a() = T= w(t)) =0 
(s (uo), NO) -0 


This implies 


so that 


21 


(s'(uo), N(t)) = 0. 


Hence the tangent of s(uw) at the point a(t) coincides with T(t), so s(u) is 
tangent to a at the point a(t). 
The curvature of the osculating circle of a is 


= 1 
Kilt) = T«(b) = A) 


(since the osculating circle of a has radius 1/«(t)). Thus the osculating 
circle of a and a@ have the same curvature at time t. 


EXERCISE 18. Show that if a has constant curvature c, then (i) p(t) 
is a fixed point, and (ii) a(t) — p(t) = 1/c (Hint: For part (i) differentiate 
p(t); part (ii) follows immediately from the definition of p(t)). 


SOLUTION. (i) Suppose that a has constant curvature c. We can assume 
further that the curve a is parametrized with respect to arc length then by 
definition 


p(t) = a(t) + Nt). 


Differentiate both sides of the last expression to obtain 


p(t) =al(t) +N) 
_ 1 f since = E20B =a! 
=H MO = Tera = 2 
= T(t)+ ~(-eP(t) since N'(t) = —cT(t) 


for all t. Hence p(t) is a fixed point. 
(ii) From the definition of p(t), we have 


(since ||V(t)|| = 1). Thus 


lat) — vt) = =. 


EXERCISE 19. Show that 





(7) x 7"(4), (0, 0, 1)) 
- ; 
lIy’(4) | 
SOLUTION. Since y(t) is a planar curve, it may be seen as a curve in 


R? as y(t) = (x(t), y(t),0) € R°. Then 


R(t) = 

















Thus 
7'(t) 
T(t) = 
O= Tel 
__ @O,¥W,0) 
V(a'(t))? + (y/(t))? 
Hence 
Figen, <Meetpnes eee EOS TON ae ges OO SG ON 
TO = Pope Olol ror 7% Olrol iver 
So 
iT(e) = —_(-y'(t), 2"(t), 0) 
lly’ (4) | 


Therefore 











_ i (P'(t),iT) 
= Tel 
—*_ (_a!"(t)y(t) || @)|] + 2’ Oy" [OD 
~ Wor 
= aly!" — x! ty! ; 
ior 0) 
Note that 
+ (t) = (2'(t),¥/(t), 0), 
giving 
y"(t) = (a""(t), y(t), 0) 
Thus 
‘i iW ey) QO 2 (f) x'(t) ‘(t) 
y(t) xy (t) = ( YW) 0 ’ 0 a(t) ; a" (t) YW) ) 
= (0, 0, xy" xy’) 
Hence 


(7), 7"); (0,0,1)) _ ay" = aly! 
lr l@r 


Combine (1) and (2) to obtain 





('(t) x Y(t), (0,0, D) 


os role 
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EXERCISE 20. (i) Compute the total curvature and rotation index of 
a circle which has been oriented clockwise, and a circle which is oriented 
counterclockwise. Sketch the figure eight curve (cost,sin 2t), 0 < t < 2z, 


and compute its total signed curvature and rotation index. 


SOLUTION. The parametrization of a circle, which has been oriented 


clockwise, centered at the origin having radius r is 
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(0, 27] 3 tS a(t) = (rcos(—t), rsin(—t)). 


The arclength from time 0 to time t is 


st) = [Xa 
= i ||(r sin(—t), —r cos(—t)|| du 
0 





[ /r?{sin2(—t) + cos?(—t)] du 


[ora 
0 


=Trt, 


giving 
The reparametrization by arclength of a circle, which has been oriented 


clockwise, centered at the origin having radius r is 


(0, 27r] 3s pes Bls).= (rcos(—-),rsin(——)) ='6(s):= (rcos(=),—r'sin(=)), 


SO 








Hence 
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The total curvature of a clockwise circle is 


Note that the curvatures of circles of the same radius are the same, so 
the total curvature of a clockwise circle equals to the total curvature of a 


counterclockwise circle, that is, 27. 
The parametrization of a circle, which has been oriented counterclock- 


wise, centered at the origin having radius r is 


(0, 27] 3 t 4 a(t) = (rcost,rsint), 


sO 


a’(t) = (—rsint, r cost) 
/ 


a(t) = (—rcost, —rsint). 


The signed curvature of a at time t is 


aly!" a aly! 
R(t) = ——__ 3 
ll’ Il 
= r? sin? t + r? cos? t 


i. (\/r2(sin? t + cos? t)3 








r 


The total signed curvature of a counterclockwise circle is 
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2ar 
totalx[a] = if R(s) ds 
0 


The rotation index of a counterclockwise circle is 


totalk[a] 2 
rot|a] = a onl 


The parametrization of a circle, which has been oriented clockwise, 
centered at the origin having radius r is 
(0, 27] > t-“> a(t) = (rcost, —rsint), 
so 
a’ (t) = (—rsint, —r cost) 
a(t) = (—rcost,rsint). 


The signed curvature of a at time t is 


a! y!" ~ x! y! 


R(t) = 








lure 
- —r? sin? t — r? cos? t 
- (\/r?(sin? t + cos? t)3 
ee! 
oP 


The total signed curvature of a clockwise circle is 


27 





2 
peer hee, re 
7 
The rotation index of a clockwise circle is 
totalk[a]  —27 
nO On Qn 


We spit the figure eight circle into two parts. Then, by Theorem 13 
(Hopf) of Lecture Note 4, the rotation index of the figure eight curve is +2, 
giving the total signed curvature of the figure eight curve is 2 - (27) = 47. 


EXERCISE 21. Use the above formula to show that the only closed 
curves of constant curvature in the plane are circles. 


SOLUTION. If the closed curve has constant curvature, then K(t) = c 
where c is some constant and c 4 0. This implies that 0’(t) = c, so 


t 
6(t) = | cds +0(0 
(t) ie s+ 6(0) 
= ct + 6(0). 
We have that 
Hit | nde O(a as, | sin O(a) dey a0} 


t t 
= (f cos(8) + cs) as, | sin(@) + cs) ds) +a(0) where 6) = 6(0) 
0 0 





1 1 
= (-sinct, —— cos ct) + a(0) choose 69 = 0 
é c 
1 1 
= (xo + —sinct, yo + — cos ct) where a(0) = (Zo, yo). 
c c 


Thus a(t) is a circle with the center at (#9, yo) and radius r = 1/ |c]. 
The converse is trivial. 
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EXERCISE 22. Show that if a: J + R? is a C* curve with monotone 
nonvanishing curvature, then its evolute is a regular curve which also has 
nonvanishing curvature. In particular contains no line segments. 


SOLUTION. For the first part, we may asume that |]a’(t)|| = 1. We have 
that 


B(t) = a(t) + r(t)N(t). 


Differentiate both sides of the last expression to obtain 





B'(t) =al(t) + r'(t)N(t) + r(t)N"(t) 
=o! (t) +r'()N() — TE) Rew oe TW 
= a'(t) +r’ (t)N(t) — a(t) since T(t) = a‘ (t) 
= r'(t)N(t) 


Thus 





= (Ol MINOI 
= |) since ||N(¢)|| = 1 
_ [l(t 
[«(t)]? 
# 0 for all t. 


Hence ’(t) 4 0 for all t. Therefore @ is a regular curve. 
For the last part, suppose, towards a contradiction, that 6 has vanishing 
curvature. Then (’(t) = const, which contradicts the fact that 


[*'(¢)| 


eco) | a [K(t)]2 


is not constant. Thus 6 has nonvanishing curvature, so it does not contain 
any line segments. 





EXERCISE 23. Show that a curve with monotone curvature cannot have 
any bitangent lines. 
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SOLUTION. Suppose, towards a contradiction, that a curve a with 
monotone curvature has a bitangent line. Then then there are two osu- 
lating circles of a have the same radius, which contradicts the fact that 
osculating circles of a are pairwise disjoint by Kneser’s Nesting Theorem. 


EXERCISE 24. Show that an ellipse has exactly 4 vertices, unless it is a 
circle. 


SOLUTION. The parametrization of an ellipse having the radius a and 
b on the x and y axes respectively, is 


(0, 27] 3 t > a(t) = (acost, bsint). 


The signed curvature of this ellipse is 


at) <2 - "Ov 
[(2’(t))? + (y’'()? 8? 
—asint(—bsint) + acost(bcost) 
[(—asin t)? + (bcos t)?]3/2 

7 ab 

(a? sin’ t + B? cos? t)3/2 

= ab 

~ [a2(1 — cos? t) + b? cos? t]3/2 

7 ab 

[a2 + (b? — a?) cos? t]3/2" 





Wo 














Thus 





min K(t) = @ ifb>a (cost = +1), 
+ ifb<a (cost =0), 


and 


ifb>a (cost = 0), 
w ifb<a (cost + 1). 





Since the signed curvature of the ellipse has local max and local min at 4 
points, it follows that the ellipse has 4 vertices. 
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EXERCISE 25. Verify the following sentence: A simple closed convex 
curve has at least four vertices. 


SOLUTION. This is The Four-Vertex Theorem. The following proof for 
this theorem is from [Car16]. 

Before starting the proof, we need a Lemma: 

Let a: [0,1] + R? be a plane closed curve parametrized by arc length 
and let A, B, and C be arbitrary real numbers. Then 


: dk 
[ aot By +0) Fas=o0, (1) 
0 ds 


where the functions « = x(s), y = y(s) are given by a(s) = (2(s), y(s)), 
and « is the curvature of a. 

Proof of the Lemma. Recall that there exists a differentiable function 
6: [0,1] > R such that x/(s) = cos 6, y/(s) = sin@. Thus, «(s) = 0(s) and 


gl! = —ky/’, y =< ke’. 


Therefore, since the functions involved agree at 0 and J, 


1 
[ was=o. 
0 
1 1 l 
[ awas=— f ix'as=— f y'as=0, 
0 0 0 
1 1 l 
[ wtas=— [ yas= [ otas=o. 
0 0 0 


Proof of the Theorem. Parametrize the curve by arc length, a: [0,1] > 
R2. Since k = K(s) is a continuous function on the closed interval (0, lj, 
it reaches a maximum and a minimum on [0,1]. Thus, a has at least two 
vertices, a(s;) = p and a(s2) = g. Let L be the straight line passing 
through p and q, and let 6 and ¥ be the two arcs of a which are determined 
by the points p and q. 

We claim that each of these arcs lies on a definite side of L. Otherwise, 
it meets L in a point r distinct from p and q (Fig. 1(a)). By convexity, and 
since p, q, r are distinct points on C’, the tangent line at the intermediate 
point, say p, has to agree with L. Again, by convexity, this implies that L 
is tangent to C' at the three points p, g, and r. But then the tangent to a 
point near p (the intermediate point) will have q and r on distinct sides, 
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unless the whole segment rq of L belongs to C (Fig. 1(b)). This implies 
that « = 0 at p and q. Since these are points of maximum and minimum 
for k, k = 0 on C, a contradiction. 

Let Ax + By + C = 0 be the equation of L. If there are no further 
vertices, «’/(s) keeps a constant sign on each of the arcs 8 and y.We can 
then arrange the signs of all the coefficients A, B, C' so that the integral in 
Eq. (1) is positive. This contradiction shows that there is a third vertex 
and that «’/(s) changes sign on 8 or y, say, on 8. Since p and q are points 
of maximum and minimum, «’(s) changes sign twice on 8. Thus, there is 
a fourth vertex. 


EXERCISE 26. Prove the four vertex theorem for convex curves using 
the Schur’s arm lemma. 


SOLUTION. Let L be the length of the curve a. Let a, be the curve 
given by 


ay = lio) 


i.e., the parametrization of a, is 


(0, 5] 5 Ot wih ae): 


and ag be the curve given by 


a2 = al 1) 


i.e., the reparametrization of ag is 


(0, $] 3 t% an(t) = a(Z +2). 
Since «1: [0, A — R, the curvature of the curve a1, is continuous and (0, 4] 
is a compact set, so K1(t) attains its maximum and mininum on [0.4]. Thus 
a, has at least two vertices. Without loss of generality, we can assume that 
ky, attains its maximum and minimum at ¢,; and tg, respectively, such that 
0O<t <tg< £. We can assume that tj; = 0 by choosing the curve 
qa, so that a, starts at t; = 0. If @ has only two vertices above, then 
K5(t) > 0. This implies that Ko(t) > K2(4) = K1(0) = K1(t1) > w(t) for 


all 0 < t < &. Thus «o(t) > «1(¢). Apply the Schur’s arm lemma to 
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obtain dist(a2(0),a2(4)) < dist(a1(0),a1(4)). This contradicts the fact 


that dist(a2(0), a2(4)) = dist(a1 (0), a1(4)) since a1 (0) = a2(4), ai(4) = 
a2(0). Hence az has at least one vertices. But «4(t) changes its sign two 
times, so a has at least 4 vertices. 


EXERCISE 27. Verify the inequlaity 


Length[a@] < Length[a]. 


Hint: It is enough to check that ii /1+ F (x)? dz is strictly smaller 
than either of the integrals in the above formula for the length of a. 


SOLUTION. We first show that 











i+ LOS2@» < FF @P+VGeF 0) 


which is equivalent to show that 


POP) 2 <4 (f’(x))? 414+ (9! (« ? 
+2 t (F(@))IEL + 9’ (@))?] 
& 4+ (f(e))? + (9 (@)? — 2f(@)9"(@) < 8+ 4(F" (a)? + AC")? 


+ 8/1 + (f(@))IEL + (9/(@))?] 


1+( 









































© 0 < 3(f/(e))? +3(9" (a)? + 2F'(a)g!(@) 
44 8y/[1 + (F(@))710L + (9 (@))?] 
e 0 < 2(f"(#))? + (9 (@))?] + [F/(@) + 9! @)P. 
44+ 8/[1t (f(@))]l + /(@))?I 


Since the last inequality is obvious, so (1) has been proved. 
Integrate both sides of (1) to obtain 








ff CDS c ff Tees f VT 


Moreover, note that f(a) — g(a) > 0 and f(b) — g(b) > 0. So 
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[y+ FOO ee <@-aalt f VIFF @ Pee 
+ | VIF WP de + FO) 9) 


Thus 


Length[a] < Length[a]. 


EXERCISE 28. Computer the curvature and torsion of the circular helix 


(r cost, r sin t, ht) 


where r and hf are constants. How does changing the values of r and h 
effect the curvature and torsion. 


SOLUTION. For the first part, the curvature of a at t is 





|Z"(t)| 
K(t) = 
= Tata) 
Note that 
a(t) = (rcost,rsint, ht), 
a’ (t) = (—rsint,r cost, h), 
a’ (t)| =Vr2+h?. 
sO 





To 0 : (—rsint,r cos t, h) 
la") Wr? +h? — 
1 
T(t) = ————~(-r cost, -rsint, 0). 
Oe 


Hence 
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|T’(t)| 
K(t) = 
= Taro) 
1 
=a /r2(cos? t + sin? t) 
1h 
Gee 
The torsion of a is 
(Bit), N(t)) 
T(t) = —- 
®) ia’) 
Note that 
N(t)= T(t) 
|T’(t)| 
ee ae 
= ; Tera r cost, —rsint, 0) 


= (— cost, —sint, 0) 
B(t) = T(t) x N(t) 








_ 1 ( rcost h h —rsint —rsint rcost ) 
— /p2 4 f2*| —sint 0 }’| 0 —cost |’| —cost —sint 
1 
= ———— (hsint, —hcost,r) 
Yee 
1 
B'(t) = —— (hcost, hsint, 0). 
J/r2 + h2 : 
Hence 


(BY(t), N(t)) 

la’ (t)| 
Seay i 72 (cos” t + sin? t) 
h 


eee 
For the last part, we first consider effects of changing the values of r 
and hf on the curvature. Let g(r) be the function defined by 


T(t) =— 














g(r) 2 + h2 
: h? — 7? 
(re sane) 
Thus 
f= )0 h +00 
GO) We 
K(r) | 7 se NS 
Let f(h) be the function defined by 
r 
Oe ae 
fees 2 2hr 
f (h) _ (r2 + h2)2 <0 


ifh,r > 0. 
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Thus if h is increasing, then «(t) is decreasing, and if h is decreasing, then 


K(t) is increasing . 


We now consider effects of changing the values of r and h on the torsion. 


Let m(h) be the function defined by 








h 
m(h) = pe 
2 2 
ee ee 
mib)= +R rays 
Thus 
h 0 r +00 
mih)| + 0 — 
th) | ZA oe ON 





h 
BO eae, 
2hr 


ni(r) = G24 hee <0 


Thus if r is increasing, then 7(t) is decreasing, and if r is decreasing, then 


T(t) is increasing. 


ifh,r > 0. 
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EXERCISE 29. By setting v’ = 0 show that 


pore oe 
it 
and check that v is the desired vector, i.e. (T,v) = const and v’ = 0. 


SOLUTION. For the first part, by setting v’ = 0, we have that v is a 
fixed point. Then 


(Tv) = a(t) 


= 


since (T, B) = (T, N) = 0. By setting a = 1, we have that a’ = 0. Thus 


vi = T(t) + 0'(t)N(t + b(t) N’(t) + c'(t)B(E) + c(t) B'(t) 
= K(t)N(t) + O(N (t) + @)[-KO)T(t) + 7) BO)] + €(t)B(t) — c(t) r()N(t) 
since T’(t) = «(t)N(t) and N’(t) = —K(t)T(t) + 7(t)B(t). Hence 


u! = —K(t)b(E)T(t) + [a(t) + '(t) — cA) THIN () + [O)7@) + OH) BO. 
Since v’ = (0,0,0), so 


—K(t)b(t) = 0, 
n(t) + b(t) — e(t)r(t) = 0, 
b(t)r(t) + ¢(t) =0, 
giving b(t) = 0 since x(t) 4 0 and giving c(t) = ae Therefore, 
v=TH+ ~B. 


For the last part, it is clear that 


(T,v) = (T,T + =B) 
T 
=] 
= const 


and 
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y! — T’ a ® Bl 
=KN +“(-1N) 
i 
since £ = const, T’ = KN and B’ =—TN. Thus v is the desired vector. 


Tr 


EXERCISE 30. Check the converse, that is supposing that the curvature 
and torsion of some curve satises the above expression, verify whether the 
curve has to lie on a sphere of radius r. 


SOLUTION. Let 











p(t) = AH) 
Then 
ray _ _ #{t) 
p (t) = Ke (t)" 
We have that 
fe (Ee) Te as, 
= eG) + K(t)r(t),/r? — @ = 0. 


This implies that 





/ 2 


Differentiate both sides of the last expression to obtain 














/ 2 
grr) + GX) =o 
bo P(t) vel(t) 

as PO tyre) + 2M] = 0, 
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implying 





=O since p'(t) 4 0 (1) 























dt T(t) 
=e) 1 , ; p(t) / , p(t) ! 
=o'(t) + ON + ON + Ay Be) + A By 
=T(t) +S ON() + [KOTO + TEOBO) + (yao 
=ore + 2yiBo since p(t)ix(t) <1 
=0. by (1) 
Thus 
() + ott) + aw =p 
T(t) 
which is a fixed point. This implies that 
2 
p(t) 
a(t) — all = loo + One| 
p(t) since N(t) and B(t) 
= p(t) +| r(t) iF satisfy ||N(¢)|| = ||B(@]|| = 
and (N(t), B(t)) =0. 
=r, 


Therefore a(t) lies on the sphere centered at p having radius r. 


EXERCISE 31 (Monge Patch). Let f: U c R? > R be a differen- 
tiable map. Show that the mapping X: U > R?, defined by X(u',u?) = 
(ut, u?, f(ul,u?)) is regular (the pair (X,U) is called a Monge Patch). 


SOLUTION. The Jacobian of X at p is an 3 x 2 matrix defined by 


1 0 
F(X)=( 0 1 J. 

af of 

Out Ou? 
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1 0 
0 1 
is regular. 


But 





| = 1. So the rank of J,(X) is 2. Thus X(ut, u?) = (ul, u?, f(u', u?)) 


EXERCISE 32. Show that f: U C R? > R? is regular at p if and only 
if 


\|Di f(p) x Dof(p)|| 4 0. 


SOLUTION. Assume that f(u,v) = (fi(u,v), fo(u,v), fg(u,v)) € R?. 
Then 


Of (u, v) Ofe (u, v) Of (u, v) 








Prin) = Ou > Ou ? Ou ) 
Dof(p) = ae = us — wk 
and 
He BE 
If) == (e | 


If f is regular, then rank of J,(f) is 1. This implies that there are two 
rows of J,(f) are linealy independent, for example, the 2th row and the 3rd 
row. Then we have that 




















Of2 Ofer 
| 5H SR| #0. 
Ou Ov 
Thus 
Of2 Of 
be 8 A0 since det(A) = det(A’). 
‘Ov. Ov 
This implies that 
Af2 Afs|? Ofs Of |? Of, Of |2 
\|Dif(p) x Daf(P)ll=.||8 8) +18 Be) + 1h ge] > 0. 
Ov Ov Ov Ou Ou Ou 
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Conversely, if ||Di f(p) x Dof(p)|| # 0, then one of the three terms 
Ofi 























Of2 Of3s| |Ofs  Ofi Of:  Ofe 
be §el,|se gel, and | EPA 5K has to be different from 0, for exam- 
Ov age me Ov Ov Ou 
OJ3 
ple, Ep i #0. This implies that i i # 0. Thus the rank of 
Ov Ov 














Jp(f) is 2, and hence f is regular. cTheeatees ;- U Cc R? => R’ is regular 
at p if and only if 


\|Dif(p) x Dof(p)|| 4 9. 


EXERCISE 33 (Surfaces of Revolution). Let a: I > R?, a(t) = 
(a(t), y(t)), be aregular simple closed curve. Show that the image of X: Ix 
R- R? given by 


X(t, 0) := (x(t) cos 6, x(t) sin 8, y(t)), 
is a regular embedded surface. 


SOLUTION. (x(t), y(t)) is a parametrization of a, given z and x2 +y? = 
[(x(t) cos 0)? + (x(t) sin @)?] = x(t), we can determine ¢ uniquely. Thus 
X(t,@) is one-to-one. Since (x(t), y(t)) is a parametrization of a, it follows 
that ¢ is a continuous function of z and of \/x? + y?, and so is a continious 
function of (x,y,z). We now need to prove that X~! is continuous. Note 
that X: U = {(0,t):0<0@< 27,a<t < b} — S where S is the image of 
Xx. 

If 0 Aq, then 


a8 
Sl 5 


0 
2  cos5 





- 6 6 
2 sin 5 COS 5 


20 
2 cos 3 
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Thus 


0 = 2tan—! fo 
x+4/x2 + y? 


Hence if 6 4 7, then @ is a continuous function of (2, y, z). 
If 0 = m7, then using the fact that 





8 ~~ cos g 
cot5 = —> 
2 sins 


and calculations similar to the one above to obtain 


¥ 
—¢+/224+y? 





6 =2cot! 


Thus @ is a continuous function of (x,y,z). This shows that X~! is a 
continuous function, and hence the image of X: I x R > R® given by 


X(t, 0) = (x(t) cos 6, x(t) sin 8, y(t)), 
is a regular embedded surface. 


EXERCISE 34. Show that n: S? > S?, given by n(p) = p is a Gauss 
map (Hint: Define f: R? > R by f(p) := Ilp|l? and compute its gradient. 
Note that S? is a level set of f. Thus the gradient of f at p must be 
orthogonal to S?). 


SOLUTION. Define f: R? > R by f(p) = ||p||?. Note that S? is a level 
set of f. If a(t) = (x(t), y(t), z(t) is a parametrized curve in S?, then 
Qex! + Qyy'*= + 2z2/ = 0, 


which shows that the vector (x,y,z) is normal to the sphere at the point 
(x,y,z). Restricted to the curve a(t), the normal vector 


N(t) = (a(t), y(t), 2(¢)) 


is a vector function of t, and therefore 
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Since p € S?, which is equivalent to (p,p) = 1, it follows that (p’,p) = 0. 
Thus n(p) = p is normal to T,($7). and hence n(p) = p is a Gauss map. 


EXERCISE 35. Compute the curvature of a sphere of radius r (Hint: 
Use exercise 9). 


SOLUTION. The parametrization of the sphere of radius R is 


x(0,~) = (Rsin@ cos y, Rsin 6 sin y, Ros 8). 
We have that 


xo = (Rceos@cos y, Rcos @ sin y, —Rsin 0) 
ty = (—RsinOsin y, Rsin 4 cos vy, 0) 
(R 


Lg X Ly = ? sin? 6 cos y, R? sin? @ sin y, R? sin 6 cos 6) 





|t9 X tyl| = RA sin’ 6(cos? y + sin? y) + R4 sin? @ cos? 6 





= RS sin? 0(sin? 6 + cos? 0) 
= R’sin 0. 


Therefore, 


n(0, py) = (sin 6 cos y, sin @ sin y, cos 4). 
Let S be the shape operator. Then 
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Hence the shape operator is equal to 


1 
Cie | 
R 


where J is the identity operator. The matrix of S in the basis x9, xy is 
equal to 





EXERCISE 36. Compute the Gaussian curvature of a surface of revolu- 
tion, i.e., the surface covered by the patch 


X(t, 0) = (x(t) cos @, x(t) sin 6, y(t)). 
Next, letting 


(x(t), y(t)) = (R+rcost,rsint), 


i.e., a circle of radius r centered at (R,0), compute the curvature of a torus 
of revolution. Sketch the torus and indicate the regions where the curvature 
is postive, negative, or zero. 


SOLUTION. We have that 
X; = (a'(t) cos 0, x’ (t) sin 0, y’(t)) 
Xo = (—2x(t) sin 0, x(t) cos 6, 0) 


X; x Xg = (—2(t)y'(t) cos 0, —x(t)y’(t) sin 6, x(t)a’ (t)) 








|X x Xoll = Vie@y OP? + [e@e')P = el Vie’ OP + OP 


1 
nm ,0 = r / cos 0, —a ! sin 0,7 “I 
os Ol Ve OP tw OP. Ou) (Oy) (t)a"(t)) 


E =u = (Xt, Xt) = [2 (t))? + fy’)? 








FS Gie= (Xz, Xo) = 0 
G = 922 = (Xo, Xo) = [2(t)]? 
Xu = (x"(t) cos 6, x” (t) sin 8, y"(t)) 
Xp = (—2'(t) sin 6, a(t) cos 6,0) 


Xoo = (—2x(t) cos 0, —x(t) sin 6, 0) 


— oc nla.gyy . wee Oy) + 22 (y"( 
ern ie) Ve’ OP + WOR 








M = (Xi9,n(t, 9)) = 0 


_ Xero 
Ol VO? + WOP 


The Gaussian curvature of a surface of revolution 
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Applying the calculations above for (x(t), y(t)) = (R+rcost,rsint) to 
obtain 


x(t) = R+rcost 
y(t) =rsint 
zx’ (t) = —rsint 
x" (t) = —rcost 
y (t) =rcost 
y(t) =—rsint 
yp 


The curvature of a torus of revolution is 


r? cos’ t +r? sin? tcost 


r4(R+1r cost) 
cos t(cos? t + sin? t) 
r(R +r cost) 
_ cos t 
~ r(R+rcost)’ 


K(t) = 








From this expression, it follows that kK = 0 along the parallels t = 7/2 and 
t = 31/2; the points of such parallels are therefore parabolic points. In the 
region of the torus given by 7/2 < t < 32/2, K is negative (notice that 
r >Oand R>r); the points in this region are therefore hyperbolic points. 
In the region given by 0 < t < a/2 or 30/2 < u < 27, the curvature is 
positive and the points are elliptic points (Fig. 3-15). 


EXERCISE 37. Show that (5,(e;(p)),e;(p)) = lj(0,0) (Hints: First 
note that (n(p),ej;(p)) = 0 for all p € V. Let y: (-e,6) > M bea 
curve with 7(0) = p and 7(0) = e;(p). Define f: (—e,e) — M by f(t) = 
(n(7(t)), €7(7(t))), and compute f’(0).) 


SOLUTION. First note that (n(p),e;(p)) = 0 for allp € V. Let y: (—e,€) > 
M be acurve with 7(0) = p and (0 = e;(p). Define f: (—e,€) > M by 
f(t) = n(7(t)), e(7(4)). Since (n(p), e;(p)) = 0 for all p € V and y(t) E V 
for t € (—e,€), it follows that 
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f(t) = (n(y(4), ef) = 9. 


Differentiate both sides of the last expression to obtain 


(dn(7(t)), e9(y(t))) + (n(y(t)), des(V(E))) = 0. 
This implies that 


(dno), e918) = = (21), de, (1) - 
For t = 0, then 


(Sp(ei(p)), e(p)) = — (n(p), Diz-X (0, 0)) 
(Sp(ei(p)), €j(p)) = bij (0, 0), 
as required 


EXERCISE 38. Compute the curvature of the graph of z = ax? + by’, 
where a and b are constants. Note how the signs of a and b effect the 
curvature and shape of the surface. Also note the values of a and 6 for 
which the curvature is zero. 


SOLUTION. The surface z = ax? + by? is a Monge patch, i.e, 


X (ui, U2) — (u1, U2, auy - bu3), 


where f(u1, U2) = au? + bu3. The Hessian matrix of f is 
2a 0 
Hess (ui, U2) = G : 
so det(Hess (u1, u2)) = 4ab. The gradient of f is 


grad f = (2au1, 2buz). 
Thus 


grad f (0,0) = (0,0). 
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Hence 


_ det (Hess f (0, 0)) 
me (1+ |lgrad f(0, 0)||?)? 
= Aab. 





If a and b have same signs, then K(p) > 0. If a and b have opposite signs, 
then K(p) < 0. If a=0 or b=0, then K(p) =0. 


EXERCISE 39. Let M be the Monkey saddle, i.e., the graph of the 
equation z = y® — 3yx?, and p = (0,0,0). Show that K(p) = 0, but M is 
not locally convex at p. 


SOLUTION. For the first part, the surface z = ax? + by? is a Monge 
patch, i.e, 


X (uz, U2) = (uy, ua, us — 3ugur), 


where f(uj,u2) = u3 — 3ugu?. The Hessian matrix of f is 


Wes Ga ee aa) 


—6u2 6u2 
so det (Hess (ui, u2)) = —36(u? +u3) and det (Hess (0,0)) = 0. The gradient 
of f is 


erad f = (—6u 12, —3uz — 3u?). 
Thus 


grad f (0,0) = (0,0). 


Hence 


det (Hess f (0, 0)) 
1 + |[grad f(0,0)||*)? 


o) 





K(p) = 
( 
=0 
as required. 
For the last part, we have that 
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Xu (ur, uz) = (1, 0, —6u2Uu1) 
Xuy(u1, U2) = (0,1, 3uz — 3u?). 
Thus 


Xu (0, 0) = (; 0, 0) 
Xuy (0, 0) = (0, i, 0). 
The equation of the tangent surface at (0,0, 0) is 


or 





that is, 


In a neigborhood of (0,0,0) for z = ug(u3 — 3u?), then z > 0 as ug > 
0 and u3 > 3uz; and z < 0 as up > 0 and us < 3u?. therefore, in a 
neighborhood of (0,0,0), then M does not lie on one side of the tangent 


surface, so MM is not locally convex at (0,0, 0) 


EXERCISE 40. Show that if ac — b? > 0, then Q is definite, and if 
ac — b < 0, then Q is not definite. (Hints: For the first part, suppose 
that x 4 0, but Q(z,y) = 0. Then ax? + 2bry + cy? = 0, which yields 
a+ 2b(x/y) + c(a/y)? = 0. Thus the discriminant of this equation must be 
positive, which will yield a contradiction. The proof of the second part is 
similar). 


SOLUTION. For the first part, let ac — b? > 0. Suppose, towards a 
contradiction, that Q is not definite, i.e, there exists x 4 0, but Q(z, y) = 0. 
Then ax? + 2bry + cy” = 0, which yields a + 2b(y/x) + c(y/x)? = 0. Let 
t = y/x. Then the last equation becomes ct? + 2bt + a = 0. This equation 
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has solutions so its discriminant must be positive, that is, b? —ac > 0 which 
contradicts the fact that ac — b? > 0. Thus Q is definite. 

For the second part, let ac — b? < 0. Similarly, suppose, towards a 
contradiction, that Q is definite, i.e, Q(z,y) # 0 whenver x 4 0. Then 
ax? + 2bxy + cy”? # 0 for any « # 0. This is equivalent to c(y/x)? 
2b(y/x) +a =0 has no solution, so the discriminant of this equation must 
be negative, that is, b® — ac < 0 which contradicts the fact that ac—b? < 0. 
Thus Q is not definite. 


EXERCISE 41. Verify the middle step in the above formula, i.e., show 
that dn(D;X) = Di(no X). 


SOLUTION. Let f(ui,ug) =no X(u1, Ug). We have that 


Dif (ui, u2) = Di(no X(u1, u2)) 
— dn(D;X (ur, ug)). 
Therefore 
dn(D;X) = Di(no X). 


EXERCISE 42. Let F,G: U C R? > R? be a pair of mappings such 
that (F,G) = 0. Prove that (DiF, G) = — (F, D,G). 


SOLUTION. Since (F/G) = 0 so D,((F,G)) = 0. But D,((F,G)) = 
(DF, G)+(F, DiG). Thus (D;F, G)+(F, DjG) = 0. Therefore, (D;F, G) 
— (F, D;G). 


EXERCISE 43. Show that there exist a patch (U, X) centered at p such 
that [g;;(0, 0)] is the identity matrix. (Hint: Start with a Monge patch with 
respect to T,M/). 


SOLUTION. Consider the following maps (assume that p = (p1, po, f (pi, p2))): 
U1 (t): (=6; €) — U given by ug(t) = (t, p2) ) 
1 





(—e,€) > R® given by ci(t) = Jane = Tea tt p2, f (t, p2)), 
u(t): (—e,€) > U given by u2(t) = (pit +p), 
cq: (—e, €) + R? given by c(t) = Tea 0 u(t) = aD (pi, t+ 


P2; f (pr, t+ p2)) 


y(t): (—€,€) + R® given by 7(t) = ee eal, 


2(t) ift>0. 
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It is clear that 7(0) = (p1, p2, f(p1, p2)) = p. Ift < 0, then D| X07(t) = 


Tgp (1:0: fu) and DeX o y(t) = (0,0,0). If t 2 0, then DiX 0 ¥(t) = 
. _ 1 
(0,0,0) and D2X 0 4(t) = Trane 1, f,,). Thus 
Odi e-se%, 
(D;X 07(t),DjX o7(t)) = 40 NFS 
1 ift@=j. 


Therefore [9;;(0,0)] is the identity matrix. 
EXERCISE 44. Show that k,(p) does not depend on 7. 


SOLUTION. We have that 


ky (p) = (n(p), 7" (0) 


Therefore k,(p) does not depend on y. 


EXERCISE 45. Show that II, is symmetric, i.e., I,(v, w) = II,(w, v) for 
all v,w € T,M. 


SOLUTION. Let y(t) = x(u(t), v(t)), where x(u, v) is a parametrization 
of S at p and {x,,2y} is the associated basis of T,(S). Note that y(0) = p. 
We have that 


A Np(-/(0)) = A Nplxwu!(0) + 200"(0)) 
dN 
= (ult), v0) Ie=0 
= N,,u'(0) + Nyv'(0). 


In particular, d Np(tu) = Nu, d Np(av) = Ny so to prove that d Np is a self- 
adjoint, we need only show that (Nu, vy) = (Nv, 2u). Take derivative both 
sides of (N, au) = 0 and (N, x,y) = 0 with respect to v and u, respectively, 
to obtain 
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(Nv; u) ah (N, Luv) =0 
(Nu; Ly) Ps (N, Dou) =0 





Thus CNgs@o) =—(N, Sea) = = N, Zuo) = Nas Bq): (Since Day — Toy): 

Hence d Np: T,(S) > T,(S) is a self-adjoint linear map, so the shape op- 
erator S, = —d Ny is also a self-adjoint linear map. Therefore (Sp(w),v) = 
(u, Sp(v)) = (Sp(v),u). This implies that II,(u,v) = Ip(v,u) (Note that 
T,(u,v) = (S,(u),)). 


EXERCISE 46. Verify the above claim, and show that minimum and 
maximum values of II, are Aj and A; respectively. Thus kj(p) = Ai, and 


ko (p) = AQ. 


SOLUTION. We have that 


v(@) = cos@- e, + sind: eo. 


Then 


Sp(u(@)) = Sp(cos @- e; + sin @ - e2) 
= Sp(cos@-e1) + Sp(sin@-e2) since Sy, is linear 
=cos@- Sp(e1) + sin@- Sp(e2) since S, is linear 


= \1 cos 6+ e; + Ag sind: €9 since Sp(e1) = A1e1 and Sp(e2) = A2.€2. 


Thus 


II,(v(8), v(8)) = (Sp(v()), v(8)) 
= (A; cos@- ey + Ag sind - eg, cosO- e; + sin - eg) 


= ), cos? 6 + Az sin? 8 


since 


(ei, €;) 


0 ifi4j 
1 ifi=j 
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By the hypothesis that Ay < A2, we have that 
II, (v(0), v(0)) = cos? 6 - Ay + sin? O- Ag 
< cos?@- A» + sin? 4+ A» 





= (cos” @ + sin? @) - A» 

= ho 
and 

IIp(v(), v(0)) = cos” 6 - Ay + sin? 6 - Ao 

> cos? 6- A, + sin? 6- A4 

= (cos” 6 + sin? @) - A» 

= Ae 
Thus Ay < II,(v(@),v(@)) < Az for all v(@) € UT,(M), and it is clear 
that IH,(v(0),v(0)) = Ar and I,(v(4), v(4)) = Az. Hence minimum and 


maximum values of II, are A; and A, respectively. 
Moreover, we have that 





Thus ky(p) = (Sp(v), v) = Tp(v, Xs Hence ky = min, k,(p) = min, I,(v, v) = 
Ay and kz = max, ky(p) = max, II,(v, v) = Az. 


EXERCISE 47. What is det (1?) equal to? 


SOLUTION. Since (12) = (li;)(gi;)~*, it follows that 


det (l7) = det(I;;) det[(gi;)~1] 


_ det (lis :) since det[(gij)*] = ian) 
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Thus det (1?) = wate =e 


EXERCISE 48. Show that N; = —dn(X;) = S(X;). 


SOLUTION. The matrix of dn(X;) is 
Git Aoi \ 2 Fe Pf ook —s 
ai2 a2) f g/\F G 


Thus N; = —I} X, — 1?X_ = dn(X;) = —S(X;). 


EXERCISE 49. Compute the Christoffel symbols of a surface of revolu- 
tion. 


SOLUTION. Consider a surface of revolution parametrized by 


z(u,v) = (y(v) cos u, y(v) sin u, w(v)) 


Oe 2, a<u<b, wiv) #0. 
We have that 


X1 = (—¢(v) sin u, y(v) cos u, 0) 
X2 = (y'(v) cosu, y’(v) sin u, y'(v)) 
X11, = (—¢(v) cos u, —Y(v) sin u, 0) 
Xi = (—y'(v) sin u, y’(v) cos u, 0) 
Xo, = (—y'(v) sin u, y’(v) cos u, 0) 
X22 = (y"(v) cosu, y"(v) sinu, Y"(v)) 
gu = (Xi, X1) = y?(v) sin? u + ¢y?(v) cos? u = y?(v) 


giz = (X1, X2) = 0 = gai 
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and 


= [¢'(w)? + [b'(v)? = 1 


since assume that the rotating curve is parametrized by arc-length.Thus 


(9ij) = (S ) 


(@) =a "= 3 (4 B). 


e Tt,, 07): We have that 


(X11, X1) = 0, 
(X11, X2) = —y(v)y’(v) = — yy". 


Re 1 0 0 0 
Thus i) = ( ) ( ) a ( : Hence [1 = 0,74, = 
(7 FAO 9?) \-vy! —py o i 
/ 


—PP - 
e T'}., V'Z,, T3,, 721: We have that 


(X12, X1) = vy’, 
(X12, X2) = 0. 


rt 1 0 < 
Thus (2) = Zz t ») Ge = (§). Hence Tj, = c= igre 


Ti, =0=T%3, (Note that Tf, =T¥,). 
e 135, 03: We have that 


(X22, X1) = 0, 
(X22, X2) = yp" + yy". 


ns 1 0 0 0 
Thus 2) =4+ ( ) ( ) = ( ) Hence 
(re ye 0 y? y'y" + ala" y'y" + yp” 
ies — 0, hee = yy" + ay". 
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EXERCISE 50. Show that if M = R?, then Rik =Oforall <i,ljk< 
2 both intrinsically and extrinsically. 


SOLUTION. We first show the claim extrinsically. If M = R?, then 
X(u,v) = (u,v,0). Thus Xj; = (0,0,0) for i,j € {1,2}. Hence ij; = 
(N, Xiz) = 0 for i,j € {1,2}. Therefore Rijn = Lig! — Il, = 0 for all 
L<ilj,k <2. 

We next show the claim intrinsically. We have that 


0 iftFy, 
ij = ae ; 





1 ift= 7. 
Thus 
aoe 
C= 5 loui)s + (9y1)i (gig )ilg"” 
l=1 
=0 for all 1 <i,1,j,k < 2. 
Hence 
2 
Rise = Tix) | (ile alee) 
—0 for all 1 <i,1,7,k < 2. 


EXERCISE 51. Compute the Riemann curvature tensor for S$? both in- 
trinsically and extrinsically. 


SOLUTION. It is convenient to relate parametrizations to the geograph- 
ical coordinates on S?. Let V = {(0,y);0 < 0 < 7,0 < » < 27} and let 
x:V — R?’ be given by 


x(0, p) = (sin @ cos y, sin @ sin y, cos 8). 
By the convention that y(@) = sin 6, (0) = cos 6, we have that 


X(p,9) = (¢(8) cos p, p(9) sin y, ¥(9)) 


where 0 < y < 27,0 <0< 7, ¥(0) > 0. Since S? is a surface of revolution 
and X(,@) is a parametrization of $?. 
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We first show the claim extrinsically. Using Exercise 3 of Lecture Notes 
12 to obtain 


gui = sin* 0, 
912 = ga =Y, 
922 = 


Thus 


We have that 


MESO. 
|X1 x Xa] 
ia Na = sin? 0, 
lig = lg = (N, X12) = 0, 
log = (N, Xo2) = 1, 


a) = want" = (FN? 9) (HD) = (5 9). 





(— sin @ cos y, — sin @ sin y, — cos 8), 


Hence 


Thus 
Ri, =0 for i=1,2,14 i, 
Rij, = sin” 6 — sin’ 6 = 0, 


R2o5=1-1-—1-1=0, 
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Bis = lyolt — lyil5 = 0, 
Rig = lily — halt = 0, 
Ri, =talt = bill = 0, 
Rix = lio? = lil =—sin? 0, 
Rig, = Lil} — lial = sin” 8, 
For = lol? — Io,1? = 0, 
Rigg = hal — hala = 0, 
Ry = lal} — leily = 1, 
Roo, = leilg — loalt = -1, 
Bes = lyol3 — ly2l2 = 0, 
Royo = laali — loild = 0, 
R31 = loilS — lool? = 0. 


We next show the claim intrinsically. Using Exercise 3 of Lecture Notes 12 
to obtain 


a ae 
12 = Vo, = 0, 


Ty = 0, 
T?, = —sin 6 cos6, 
cos 0 
ES = Ti = —— 
12 2: omer) 
T 
T 





22 = 0, 
12, = ye" + Wp" = cos @(— sin 8) + (—sin6)(— cos6) = 0. 
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Thus 


R! 


Vv 


a= Tide — The + TE — THT 
on FAL = V2 bs 
0, 


Riv = (Ti2)1 — Tie +P eF 


+1705, — THT 
0, 


Rig = (Tq,)2 — (Vhs). + PUP 


+ T7059 — P70 5, 
0, 


Roy = (T)1 — T4)1 + PF 


+1305) - THE 
0, 


Rhy = Tis)1 — Tie + TTI 


+1703, — THT So 


for i,l € {1,2}. 


1 pl 
1 PhP yo 


1 pl 
20> Poly 


1 pl 
17 Poly 


1 p2 
17 Pulte 


= cos’ 6 — sin? 6 — cos? 6 = — sin’ 6, 


Rig, = (Tiy)2 — Vis) + PUP Yo 
+ 17,039 — P7035, 
d 7] 
= i sin 8 cos #) — ari 
= — cos’ 6 + sin? 6 + cos? 8 


1 p2 
== Ppl 


— sin @ cos 0) 


= sin? 6 


Zi et 
R44 _ 


Le 
Ryo9 = 


hoe ee 
Ro19 = 


1 
R391 


2 
Rigo = 


20 
R319 = 


2 
R901 _ 


((3)1 — U3). +a 0h, -Ta i 
+13,03, — T3031 


0, 


(Vis)2 — (Vig)2 + Viel Po — Velho 
+ TH 0 59 — Pil 5 


0, 


(T99)1 — Ta )2 + To — Tali 
+305, — 13,0 59 
d_,cos@ cos? 6 
dd ( sin 6 sin? 6 
—sin?@—cos?@ cos? 6 _ 
sin? 0 sin?90 








((4,)2 — Ud2)1 + PQ Po — P20, 
+13, P 59 — P3909 
d ,cos0@ cos? 6 
a eee, 
dé ‘sind sin“ 6 
— sin? @—cos2@ cos? 4 a 
sin? 0 ' sin?0 








1, 


((ig)2 — Ui2)2 + Viel io — Ve is 
+TP059 — P70 So 


0, 


(V2)1 — U3,)2 + Po07, — 2,0 is 
+1313, — 13 T So 


0, 


(T3,)2 — (S_)1 + ToT Io — ToT, 
+3130 — P3o031 


= 0. 
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EXERCISE 52. Show that if Z is a tangent vectorfield of A and f: A> 
R is a function, then 


VwazV = VwV + VV, and VewV = fVwv. 
Further if 7: A > R” is any vectorfield, then 


Vw(V ca Z) = VwV a V2Z, and Vw(fV) _ (Wf)V + fVwv. 


SOLUTION. Assume that the curve y: (—e,€) > AC R” with 7(0) = p, 
7'(0) = W.Then 


VwV = (V07)'(0) 
= ((Vi07")(0), (V7 o47)(0),..-,(V" 07") (0)), 


where y = (y!,77,...,77) and 7* are the component functions of y and 
V =(V!,V2,...,V”) with V’ are the component functions of V. Moreover, 


((V1071)'(0), (V2 077)'(0),...,(V" 0-7")'(0)) = (WV!,WV?,... WV”). 
Thus 

VwV =(WV'/,WV?,..., WV”). (1) 
Using (1) to obtain 


VwizV 
=((W+Z)V1,(W4+Z)V?,...,.W+Z)V”) 
(W+4+Z)f (W + Z, gradf) 
(W, gradf) + (Z, gradf) 
Wf+Zf forall f: A3R 


= (WV14 ZV1,WV? + ZV?,....WV" + ZV") 


= (WV1,WV?,...,WV")+(ZV1, ZV?,...,2ZV") 
=VwV+VzV, 


as required. Again, applying (1) to obtain 


ViwV = (fWV', fWV?,... fWV") 
= f(WV1,WV?,...,WV”) 
= fVwV, 


as required. Further, we have that 
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Vw(V + Z) = [(V + Z) 0 7]'(0) 
= (V07)'(0) + (Zo 7)'(0) 
= VwV + VwZ, 


as required. Moreover, we have that 


Vw(fV) =(WfV!,WfV?,...,WfV”) 
= ((fV' 0 7)'(0), (fV707)'(0),--.(fV" 070), (2) 


and 

(Wh)V =(WfV',WfV?,...,WfV"), 
and 

fVwW =(fWV!, fWV?,..., fWV”). 
Therefore, 


(Wh)V + fVwV =(WfV!4+ fWV',WfV? + fWV?,..., WAV" + fWV"). (3) 
But by Leibnitz rule, 


(fV?o7)'(0) =WfV? + fwv' fora = 1,2,222 9m: (4) 
It follows from (2), (3) and (4) that 


Vw(fV) =(Wf)V + fVwV, 
as required. 


EXERCISE 53. Note that if V and W are a pair of vectorfields on A 
then (V,W) : A — R defined by (V,W),, = (Vp, Wp) is a function on A, 
and show that 


Z(V,W) = (V2V,W) +(V,V2W). 
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SOLUTION. Assume that the curve y: (—e,€) > AC R” with 7(0) = p, 
9/(0) = Z.We have that 


Z(V,W) 

((V, W) 0¥)’(0) 

ees (0) 

((V.07)'(0),W 0 ¥(0)) + ((V 07)(0), (Wo 7)'(0)) since ((u, v))’ = (u,v) + (u, v’) 
= (V2V, (V,.VzW), 


as required. 
EXERCISE 54. Show that R= 0. 


SOLUTION. For every function f: A > R, we have that Wf = (fo 
¥)'(0) = ier Dif (P)(7')'(0) = ia Dif (p)W" = (W, gradf) where y = 
(7.2.57), 10) =p, (0) = W and W = (W1,W?,...,W"). 

Next, we define Hessf(V,W) = (V, Vweradf ys and we shall show that 
Hessf(V,W) = Hessf(W,V). Indeed, 


Hessf(V,W) = (V, Vweradf) 
=(V,(W(Dif),W(Dof),.--,W(Dnf))) 
= (V, ((W, gradD; f) ’ (W, gradD» f) ae (W, gradD, f))) 
=) V' (W, gradD; f) 


i=1 


=S Vi WIDs Sf) 
i=1 j=l 


= So Viwi dif 
ij=l 
= (W, ((V, gradD;f) , (V, gradDof),...,(V, gradD, f))) 
= (W, Vveradf) 
= Hess f(W,V). 


Using all facts above to obtain that 


Vw) -WVf) 

= V (W, grad f) — W (V, gradf) 

= (VvW, grad f) + (W, Vveradf) by Exercise 4 of Lecture Notes 13 
— (Vw V, grad f) — (V, Vweradf) solved above 

= (VV W — VwV, gradf) 
+ Hess f(W, V) — Hessf(V, W) 


by the fact that 


= ([V, W], grad f) Hess f(V,W) = Hessf(W, V) proved above 


= [W, W]f. 
Thus 
VWf)-W(Vf) = [W,WIf. 
het oS (7g B™). Then 
V(W2Z') —W(VZ') =[V,w]zZ’ 
for i= 1,2,...n. Thus 
(V(WZ'),V(WZ2’),...,V(W2Z")) — (W(VZ'), W(VZ?),...,W(VZ")) 
=([V,W]Z',[V,W]Z?,...,[V,W]Z”). 


Using the fact that VwZ = (WZ!,WZ?,...,WZ") to obtain 





VvVwZ — VwVvZ = Vwi. 


Therefore, 


RWV,W)Z =VvVwZ —- VwVvZ-VivwZ 
= 0, 





and so R = 0 as required. 
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EXERCISE 55. Show that, with respect to tangent vectorfields on M, V 
satisfies all the properties which were listed for V in Exercises [52] ana 53] 


SOLUTION. Let n be a unit normal vector to T,M at p. 
Firstly, we have that 
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=(VwV t VzV) (VwV t VzV,n)n 

= [VwV - (Vw, n) n) + [VzV - (VaV, n) n] 
=[VwV —-(Vw)4] 4 [V2V - (Vz)4] 

= (VwV)" + (Vzv)? 

=VwV4+VaV. 


since VwizV =VwV4+VaV 


Thus VwizV =VwV+VzV. 
Secondly, 


VemV =(VeuV)? 
= VrmV — (VemV,n) n 
=fVaaev =F (Vauv, n) n since VemV FV iV 
= f[VuV — (Va, n) n| 
= f[VuV - (VuV)"] 


= f(Vuv)" 
= fVmV. 
Thus VeuV = fVuV. 
Thirdly, 
Vw(V + Z) 


=Vw(V + Z)-—(Vw(V + Z),n)n 
=VwV+VwZ-(VwV,n)n- VwZ,n)n 

= (VwV —(VwV,n) n) + (VwZ — (VwZ,n) n) 
=[VwV -(VwV)1]4+ Vw2Z- VwZ)4] 

= (VwV)? + (Vw2Z)" 

Vee Vy es 





since Vw(V+ Z) =VwV+VwZ 


Thus Vw(V + Z) =VwV4+VwZ. 
Finally, 
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(V2V,W) +(V,V2W) = (VaV —( (Vzv) ,W) + (V,V2W - (VzW)*) 
= (V2V,W) +(V,VzW) — (VzV)",W) - (V,(7zW)*) 
= Z(V,W) 


since ((VzV)*+,W) = (V,(VzW)+) = 0as V and W belong to the tangent 
vector field on M. Thus (VzV,W) + (V,VzW) = Z(V,W). 


EXERCISE 56. Verify the following sentence: 


VwV =VwV+ (V, S(W)) n 


SOLUTION. Since V € TM and n is a local oa “= it follows that 
(V,n(p)) = 0. Thus W (V,n(p)) = 0. But W (V,n(p)) = (VwV, n(p)) + 
(V, Vwn(p)) by Exercise 4 of Lecture Notes 13 ee above. Therefore, 
(VwV, n) =— (V, Vwn). This implies that 


(VwV,n) = —(V, Vwn) 


—(V,dn(W)) 
= (V,—dn(W)) 
=(V,S(W)). 
Thus 
(VwV)* = (VwV, n(p)) n(p) 
= (V,S(W,)) n(p) since (VwV,n)n = (V,S(W)) 


which in turn yields 
VwV = (VwV)? + (VwV)~ 
=VwV+(V,S(W))n 
Therefore VwV = VwV + (V,S(W)) n as required. 


EXERCISE 57. Verify the following sentence: 


Vv S(W) —VwS(V) = S([V, W)). 


66 


SOLUTION (1). We shall show that 


VvS(W) — VwS(V) = S([V, W)). 
Since R = 0, so the normal component of R(W,W)Z equals to 0. This 
implies that 
(VvS(W),Z) — (VwS(V),Z)) = (S([V, W]), Z) = 0. 


This is equivalent to 


(Vv S(W) — VwS(V) — S([V, W]), Z) = 0. 
In particular, Z = Vy S(W) — VwS(V) — S([V, W]), then 


(Vv S(W) — VwS(V) — S(IV,W]), VvS(W) — VwS(V) — S([V,W])) = 0. 
This implies that 


Vv S(W) — VwS(V) — S(IV,W))|| = 0. 


Therefore, 


VvS(W) —-VwS(V) — S([V, W]) = 0. 
Thus 


Vv S(W) —VwS(V) = S([V, W)). 


SOLUTION (2). We shall verify that in local coordinates, the equations 


R(V,W)Z = (S(W), 2) S(V) — (S(V), 2) S(W) 


and 


Vv S(W) —VwS(V) = S([V, W)). 


take on the forms which we had derived earlier. 
e The Gauss equations: 
In local coordinates, we calculate 


67 


R(Xi, Xj) Xp = (S(Xj), Xe) S(Xi) — (S( Xi), Xk) S (XG) 
= —lnjgNi + li N5, (1) 


since I,; = (S(X;), Xz) and S(X;) = N; 


Veg XpaV ee) 
= (X;Xx)" 
= (Xp;)" 


2 . 
= Ty Xi 
i=1 


Vx Xe = Xe 


(Vx, Xy, Xk) = (Xig, Xx) 


2 
= SOT4 (Xi, Xe) 
=I 


2 
l 
= DT ion 
l=1 
since (X}, X~) = ge = giz. Using the calculations above we have 


R(Xi, Xj) Xk = Vx, Vx, Xk — Vx; Vx, Xk — Vlx;.x;) Xe 
2 2 


=Vx, 00 ij, X) — Vx; OO Pee X1) 
i=1 i=1 


since [X;, X;] = 0, 
so Vix;.x;] Xk =0 


2 2 
= SUI) Xt + Peg V xX) — SOG Pes) Xt + TheV x5 Xi] 
t=1 l=1 


2 2 
= Slag )t — hada + DOE Pie — PED) M- 
r=1 


i 
a 


Since N; = UX) 2 I?Xo, N; = UX) < Xo, SO 
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—lyjNi + lic Nj = —lag(—1¢-X1 — 2X2) + lge(-17X1 — Xp). 
= (light — Ueilj) X1 + (lngl? — Ueil) X2. 


Combine with (1) we have 


R(Xi, Xj) Xk = (degli — bail) Xa + (lagl? — Unal) Xo. (3) 


Since X; and X9 are linearly independent, so comparing coefficients of X, 
and Xo» in (2) and (3) to obtain the classical Gauss equation: 


2 
(Pegi Wie + SoCulh = Ti, kl) = agli — Leal 
l=1 
e The Codazzi-Mainardi equations: 
In local coordinates, we have that 
X(S(Y),Z) — ¥ (S(X), 4) =(VxS(Y), Z) + (S(Y), VxZ) — (Vy S(X), Z) — (S(X), Vy Z) 
= (S(Y), VxZ) —(S(X), Vy Z) + (VxS(Y) — Vy S(X), Z) 
= (S(Y),VxZ) — (S(X), Vy Z) + (S[X,Y], Z) 





since Vx S(Y) — Vy S(X) = S[X,Y]. Thus 


X (S(Y),Z) — Y (S(X), Z) = (S(Y), Vx Z) — (S(X), Vy Z) + (S[X, Y], Z) . 
Let X = Xy, Y = Xj, Z = X;. Then the above equation becomes 


Xp (S(Xj), Xi) — Xj (S(Xk), Xi) = (S(Xj), Vx, Xi) - (8(Xx), Vx, Xi) + (S[Xp, X4], Xi) . 


Hence 


(lig)k — (lik) = (scm. ora) = (scx, Sora) 
l=1 


1=1 
2 
= Soba —Tijlei). (Codazzi-Mainardi) 
1=1 
Therefore the classical Codazzi-Mainardi equations have been proved. 


EXERCISE 58. Show that if V and W are general vectorfields (not nec- 
essarily orthonormal), then 
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R(V, W,W,V) 
IV x WI| 


SOLUTION. Firstly, we shall prove that if V and W are orthonormal 
in the tangent vectofield on M, then (R(V,W)W.V) = K, where K is the 
Gaussian curvature. Indeed, since V and W belong to T,(M/), so taking 
{V,W} be a orthonormal basis of T,M. Since S: T,(M) > Ty(M), so we 
can assume S(V) = aV + bW and S(W) =cV + dW. We have that 


Kes 


(S(V),V) (S(W), W) — (S(W),V) (S(V), W) 
= (aV + bW,V) (cV + dW, W) — (cV + dW,V) (aV + dW, W) 


re since (V,V) = 1,(W,W) = 1, 
=ad—be (V,W) = (W,V) =0 

= det(S) 

SK, 


But note that by Gauss’s equation 


(R(V,W)W,V) = (S(V),V) (S(W), W) — (S(W),V) (S(V), W). 
Therefore 


(R(V,W)W,V) = K. 


Now, we consider the case that V and W are general vectorfields (not 
necessarily orthonormal). 
Let 


= sees = ee + 
IVI IVI 


We find x and y such that V’ and W’ are orthonormal. This is equivalent 
to 


Vv’ w' yw where z,y ER. 


(W',V') =0, (1) 
(W',W') =1. (2) 
(Note that (V’, V’) = 1). We have that 
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V V (W, V) 
W’,V’ =(2 tome )ae ty —- 
(WV) = (ent TA vi 











V V (W,V) : 
w’,w’' = (2 tome + uw) =o" + Qey + y? ||WIP. 
WW) = AV] Iv Iv 
Thus (1) and (2), respectively, become 
(W,V) 
at+y = 0, (3) 
Vl 
W,V 
OV ye = 1. (4) 





2 
x + Qry 
IVI 


It follows from (3) that 7 = yo and substitute it into (4) to obtain 


2 2 
2 (W,V) 2 (W,V) 2 2 
2y t+y*||WI|F =1 
WV? IV? 








or 
2 VIP WI? — (WV), _ 
( 2 = 
IV'll 
Thus 
2 
cee =| by Lagrange’s identity. 


Therefore y = ieaial and 2 = eT: Now vectors 





WV) V IV || 
and W'= iW; . -W 
WV xWwi Vi vx wil 





2 
IV || 


are orthonormal. Apply the above result for V’ and W’to obtain 


y' 
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K = (R(V',W‘)W’,V") 








V Vv Vv Vv 
=(RU Ge + yW) (a +yW), ) 
( Ii IVI IVI IVI 
1 4 Vv : ait : : 
= viz R(V, 2 hal + yW) (a VI + yW),V since R is linear in every variable 
2 F 
> oY since (R(V,W)V,V) =0, 
=e me) (R(V, VV, V) = 0, (R(V, VW, V) =0 
Vil2 
= a (RV, W)W,V) 
|V x WII" IVI 
Vx WIP 


as required. 


EXERCISE 59. Show that the absolute geodesic curvature of great circles 
in a sphere and helices on a cylinder are everywhere zero. 


SOLUTION. Firstly, by choosing a suitable coordinates system, we can 
assume that the great circle in a sphere is 


(0, 27] 3 t+ a(t) = (rcost,rsint, 0). 
We have that 
a’ (t) = (—Rsint, Rcost, 0), 
a(t) = (—Reost, —Rsint, 0). 


Since n(p) = RP is a Gauss map in a neighborhood of a(t), it follows that 
(a (@))? = a(t) = (a(t), (cost, sin t, 0)) (cos t, sin t, 0) 


(—Rcost, —Rsint,0) + (Reost, Rsint, 0) 
= (0,0, 0). 


Thus 


Ig] = [](o"@))? | = 0. 


Therefore, the absolute geodesic curvature of great circles in a sphere is 
everywhere zero. 
The equation of the helix is 
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R>t+*> a(t) = (acost, asint, bt). 
We have that 


a’(t) = (—asint, acost, 0), 
a(t) = (—acost, —asint, 0). 


The equation of the cyclinder surface is 


X (u,v) = (acos u, asin wu, v). 


We have that 


X1 = (—asinu,acos u, 0), 





Xo = (0,051). 
Xi x Xo 1 F 
N(u,v) = = —(acosu, asin u, 0 
= (cos u, sin u, 0), 
= Pl p2 
n(p) =NoX ‘(p) = 59); p = (P1, P2, P3)- 


This implies that 


where n,(t) = n(p(t)), 


lt) Conte) p(t) = (acost, asin t, bt). 


Thus 


(al"(t))* = al"(t) — (a(t), mp(t)) rp(t) 
= (—acost, —asint, 0) + a(cost, sin t, 0) 
= (0:00): 
Hence 
eal = [|(o’"()"|| = 0. 


Therefore, the absolute geodesic curvature of helices on a cylinder are ev- 
erywhere zero. 
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EXERCISE 60. Let S? be oriented by its outward unit normal, ice., 
n(p) = p, and compute the geodesic curvature of the circles in S? which lie 
in planes z = h, -—1 < h < 1. Assume that all these circles are oriented 
consistenly with respect to the rotation about the z-axis. 


SOLUTION (1). The equation for the circle in S? which lie in planes 
z=h,-l<h<lis 


a(t) = (V1—h? cost, /1—h?sint,h). 


Let r = V1 — h? to obtain 


a(t) = (rcost,rsint, h). 
Thus 
t) = (-rsint,r cost, 0), 


t) = (-rcost, —rsint, 0), 


n(p) = p. 


This implies that 


n(p(t)) = (rcost,rsint, h). 


Hence 


Jol =n x a! = (—hrcost, —Arsint,r). 


Therefore 
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(a", Ja’) 
3 
lo"|| 
af hr? cos? t + hr? sin? t 
= 3 
hr? (cos? t + sin? t) 


3 


Kg = 








a since cos*t + sin?t = 1 


V1 —h2 


SOLUTION (2). The equation parametrized by arclength for the circle 
in S? which lie in planes z = h, -1<h<1is 


a(t) = (V1 —h? cos 
Let r = V1 — h? to obtain 


V1—h?sin 


h). 


t t 
Var (Lam 


t . t 
a(t) = (rcos sin 7h). 


Thus 





This implies that 


t t 
= -,rsin-,h). 
n(p(t)) = (r cos rain ) 


Hence 
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t t 
Ja’ =n x al = (—hcos-, —hAsin -,r). 
r r 


Therefore 


Kg = (a”, Ja’) 


t 
<2 





h 
== 60 


. t yet 
since cos’ — + sin? — = 1 
r Tr 


VLR 
EXERCISE 61. Show that if a is a geodesic, then it must have constant 
speed. 


SOLUTION. Define a’: a(I) > R® given by a/(a(t)) = a/(t). We have 
that 


where a(t) = (a1(t), a2(t), a3(t)). Thus 


Hence 


all, ta v= (al), Ja! 
( 

= (Vara, Ja’) : 
This implies that 


(Vy, Ja) 


Ky = 
, llo“||” 
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Since a is a geodesic, then ky = 0, so (Vqa’, Ja’) = 0. Since Ja’ € T,M 
so from (Vya’, Ja’) = 0, we deduce that Vga’ belongs to the orthogonal 
complement of T,,M, but by the definition of V./a’, we have that Vq/a! € 
T,(M). Therefore Vara’ € Tp(M)M (TpM)+ = {0}. This implies that 
Vara! = 0. Thus Vara! = (Vqa’)+. Therefore 


(al, a’)’ =a al’) ale (an al”) 
=2 (a’, a”) 
= 2(Vya', a’) 
=2 (Vad), a" ) 
= 0, 
giving that ||a’|| = const. 


EXERCISE 62. Show that if M = R?, and n = (0,0,1), then J is 
clockwise rotation about the origin by 7/2. 


SOLUTION. Since M = R?, we have T,M = M = R?. For n = (0,0, 1), 
any V € T,M is of the form V = (V!, V?,0). We have that 











JIV=nxVv 
=% 0 1 1 0 0 0 
SA HO VAD Pe Sek Spee 
= (-V’,V',0) 


and 


(V, JV) =-V'V74+V7V' =0. 
This implies that V L JV. Let 


W=V+dIV 
(VS VV EVE 0). 
We have that 
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(WV) =Vi(Vi = V7) 4+V7(V14 V?) 
= (V")? +(V’)? > 0. 


Thus 


T 
(V,JV) =—3. 


It follows from the facts that V 1 JV and (V,JV) = —4 proved above 
that J is the clockwise rotation about the origin by 7 = 7/2. 


EXERCISE 63. Verify the following two equations: 


= (a (s+), a’(s~t)) 





1 
<I" nr 1 17-1 
a” =a"(s~*) -———_,, +. a'(s™*) - a = 
||e’(s~*)|| l|e’(s~*)] 
sal, Ja’) 
7 lel? 


SOLUTION. Firstly, we shall verify that 


—N qi’! —1 A 1 ra 37 Senle see )) 
Teese — eee 


a’ be the chain rule 








Since (s~!)! = 


=e st . 
=o OT OI 


Differentiate both sides of the above equation to obtain 





MN al! 37 st ae 1 1 vn a! sl 

PES MT TeaGea ea 
= q/'! —l), 1 a! st 1 / 
eae) Ca) . 


Since 


lla’(s2) |]? = (al(s71), al(s71)), 








(|ja’(s74)||°)' 9 (a!"(s4), a! (871) (sty, 
Thus 
beat any Dal (s-*).al (s-*)) 
2 lla (s )I| lla (s )I| = la’(s—)]] 
Hence 
iin tee) 
hi anc 
and so 


1 P= Valtg =? —l\, 
jae) (|| ( )I| ) 
== lle’) Jo's 
q!’ gol a’ sl 


lla’(s- |)" 


Substitute (2) into (1) to obtain 


( 





. _ (a"’(s—"), a’(s~)) 


Lt ne o—l 
a =a (s 
a lle"(s- |? 


+ a/(s71) 





’ 


llo"(s4) 7 
as required. 
Secondly, we shall verify that 


(a", Ja’) 
hg = : 
7 la’? 





Indeed, 


79 











Kg 
= Kg 
= (a", Ja’) 
hy Hle-1 Mfe—1 
= (are 1 <5 + a’(s~!) . (a (s ),a c ? st 
lle") lore-] 
1 1 since (a’(s~+), Ja’(s~+)) 
= al! svt . : Ja! ’ 
( ( ) lla’( -1)|/? |la’( —1)|| = aT (a’, Ja’) =0 
Ww / 
aon ie) since J(tV) =tJV,t € R, 


lar? 
as required. 


EXERCISE 64. Show that if a is parametrized by arclength, then 


|Kig| = I|V ra || 2 
SOLUTION. It is clear that 


Varna’ = 0"(t) 


since Va(1)a’ = [4" 0 a(t)]’ = [a’(t)|/ = a(t). Since a is parametrized by 
arclength, it follows that 


lrg] = |[(a")” || 
= ||(Var@)" | 
= [Vara || 
= [Vora] 
as required. 
EXERCISE 65. Show that is a a geodesic if and only if Vya’ = 0. 
SOLUTION. Suppose first that Va’ = 0. Then 


— NVgidlsdal) 
a ae 
llo"|| 


Thus a is a geodesic. 
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Conversely, if a a geodesic, ie., kK; = 0, then @ = ao slisa 
parametrization by arclength, so by Exercise 6 of Lecture Notes 15 proved 


above, we have that 


Vien. — 0 


Vines ty ee =0 
fans 
Val(s-1)(s-1y/@ =0 
(sUYVya =0 since VruV = fVuV 
Va'[ao(s~*)]/ =0 since (s~*)’ = Ww #0 


Vaa'(s*)(s~')’ =0 
a’(s"')'a' + (s")' Va’ =0 use VufV =UfV + fVuV 


{lbiqdd 


since (s~')’ = const because a is a geodesic, 


Phos 
Vga Sls, sioaag Had eoustant speed, and thus a’(s~')! = 0. 
Therefore, a a geodesic if and only if Va’ = 0. 


EXERCISE 66. Write down the equations of the geodesic in a surface 
of revolution. In particular, verify that the great circles in a sphere are 
geodesics. 


SOLUTION. We first compute the Christoffel symbols of a surface of 
revolution. Consider a surface of revolution parametrized by 


x(u, v) = (y(v) cos u, p(v) sin u, o(v)) 
On, a<v<b, wiv) #0. 


We have that 
X1 = (—y(v) sin u, y(v) cos u, 0) 
X2 = (y'(v) cos u, y’(v) sin u, v’(v)) 
X11 = (—y(v) cos u, —y(v) sin u, 0) 
Xi2 = (—y'(v) sin u, y’(v) cos u, 0) 


Xai = (—¢'(v) sin u, g'(v) cos u, 0) 
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X22 = (y"(v) cos u, yp" (v) sin u, p"(v)) 
Gi =X X11) = y?(v) sin? u + y(v) cos? u = (v) 
giz = (X1, X2) =0 = gai 


g22 = [y' (v)? cos? u + [y'(v)}? sin? 


=[¢'(w))? + [we P =1 


since assume that the rotating curve is parametrized by arc-length.Thus 


e T't,, P7,: We have that 


(X11, X1) os 0, 
(X11, X2) = —plu)y'(v) = —vy". 
1B 1 0 0 0 
Thus Va) fe » ( ae )=( ). Hence Et, 0; 1r4 = 
(1) FAO 9?) \-vy! —py : a 
¢. 
e T,, [',, P'4,, 73;: We have that 


(X12, X1) = vy’, 
(X12, X2) = 0. 
Tho) _ 1 f1 0\ (ey) _ f[¥ 
ae (7) — lo gt} \o 


ble , 
5) Hence Tj, = c= Ps 


~ 


Ti, =0 =T%3, (Note that Tf, =T¥,) 
e 135, 03: We have that 
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(X92, X1) = 0, 
(X92, X2) = yy" + yy". 
i 1 0 0 0 
Thus 2) =+ ( ) ( ) = ( ), Hence 
(re v2 0 y? y'y" + ala yy" + yp” 
is = 0, ies = yy" + wy". 
The two equations 
uf +15, (uh)? + Wigui uy + 39(uy)? = 0, 


uy +15, (uh)? + Wiguyuy + 39(uy)? = 0, 





become 


iy aE = 0, (1) 
~ 
ug — py’ (ui)? + (p'e” + pb") (ug)? = 0. (2) 


The equation of the sphere centered at 0 of radius r is 


z(u,v) = (rsinvcosu,rsinv sin u,r cos v). 


In this case, we have that y(t) = rsint and w(t) = rcost, and so the two 
equations (1) and (2) become 


, cost , , 
2— =0 3 
Wye ee ga Mi (3) 
uy — r?sintcost(u,)? = 0. (4) 


Without loss of generality, we assume that the great circle a(t) lies in the 
xz-plane and so its equation is 


a(t) = (rsint,0,rcost). 


The function u(t) satifies x(u(t)) = a(t) be u(t) = (0,t), ie, ui(t) = 0 and 
ug(t) = t. The functions u(t) and u(t) satisfy the two equations (3) and 
(4). Thus the great circles in a sphere are geodesics. 


EXERCISE 67. Show that the sum of the angles in a triangle is 7. 
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SOLUTION. Every line in a plane is a geodesic curve and has Gaussian 
curvature k = 0, ae 0; = 7. By Gauss-Bonnet Theorem, 


Be eet 2 
) ng(S)as+ ff kdo +S 6; = 2m. 
i=0 Y Si i i=0 


Since k = 0 , so the equation above becomes 


But 


2 2 
S> 6; = 30 — S Qu, 
i=0 i=0 


where a;, 7 = 0,1,2, is the internal angles of the triangle. Thus 


2 
37 — S- Q;y = 27, 
i=0 


and so 


2 
) ay =T7. 
i=0 


Therefore the sum of the angles in a triangle is 7. 


EXERCISE 68. Show that the total geodesic curvature of a simple closed 
planar curve is 27. 


SOLUTION. Since a simple closed planar curve has « = 0 and Sa 0; = 
0, it follows from Gauss-Bonnet Theorem that 


k Si41 
py Kg(S) ds = 2n. 


i=0" % 
Thus by Corollary 12 of Lecture Notes 15, the total geodesic curvature of 
a simple closed planar curve is 27. 
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EXERCISE 69. Show that the Gaussian curvature of a surface which is 
homeomorphic to the torus must alwasy be equal to zero at some point. 


SOLUTION. Let S' be the surface of the torus and M a surface which is 
homeomorphic to $. Let f be the homeomorphism from M onto S. The 
Euler-Poincare characteristic of the torus S is x(.S) = 0 and since M is 
homeomorphic to S, so x(M) = x(S) = 0. Since S is a compact surface 
and M is homeomorphic to S, so M is also a compact surface (since the 
image of a compact set under a continuous map is also a compact set). 
Thus, by Corollary 2 of the Gauss-Bonnet Theorem (see p. 280 of |Car92]), 
(or since the surface M is homeomorphic to the torus, so its boundary is 
empty, and so the following expression is followed from the Gauss-Bonnet 


theorem) 
/I k do = 27x(M) =0, 
M 


where « is the Gaussian curvature over M. Therefore, there exists some 
point p of M such that «(p) = 0 because « is a continuous function on M, 
if there are pj,p2 € M such that «(p,) > 0 and K(p2) < 0, then by the 
intermediate value theorem, there is g € M satisfying K(q) = 0 and it is 
clear that if either « > 0 for all p € M or «& < 0 for all p € M occur, then 
this contradicts to the fact that Bie kdo = 0. 


EXERCISE 70. Show that a simple closed curve with total geodesic cur- 
vature zero on a sphere bisects the area of the sphere. 


SOLUTION. The parametrization of the sphere of radius r is 


x(0,~) = (rsin@ cos y,r sin @ sin vy, r cos 8). 


We have that 


xo = (rcos@cos y,7r cos @ sin y, —rsin 6), 
Ly = (—rsin sin y, r sin 6 cos y, 0), 
Loo = (—rsin 6 cos y, —rsin@ sin y, —r cos 8), 


Loy = (cos @sin vy, r cos 6 cos vy, 0), 
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Loy = (—rsiné cos y, —r sin @ sin y, 0), 


to <p = (r? sin? 6 cos y, r? sin? 6 sin y, r? sin 0 cos 6), 





eax eel): = rt sin’ 6(cos? y + sin? y) + r4 sin? 6 cos? 6 





= rt sin? 6(sin? 6 + cos? 6) = r? sin 9, 


TX Ly 
Ito x xyl| 
= (sin @sin y, sin @ sin y, cos 0), 


Fe = (ep, Fp) = r’, 


B= (29, ti) =0, 


G = (ay, ty) =r’ sin” 6, 


e = (n, x99) = —R, 
i = (n, LO) = 0, 
g = (n, Lepp) = -—rsin? YP, 

_ eg-f? 
- EG -— F? 
_ r? sin? 0 
~ pA sin? 6 
_ 1 
= 


By Gauss-Bonnet Theorem, 
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Ke psi qa 
~ rg(S)ds+ ff nda + > =2n 
i=0 “5 ae i=0 


where R is the rehion bounded by the simple closed curve. Since the curve 
is simple closed, it follows that ye 0; = 0. We also have that « = 2 and 


a [2 Kg(s) ds = 0 because the total geodesic curvature of the curve 
is zero, and so the above equation becomes 


1 


Thus 4, Area(R) = 2n since [{,do = Area(R) where Area(R) is the area 
of the region R. Hence Area(R) = 2mr? = $(Area of the sphere surface). 


EXERCISE 71. Show that there exists at most one closed geodesic on a 
cylinder with negative curvature. 


SOLUTION. If there are two geodesics y; and 72 which start from p € S$ 
(the cylinder) and they meet at again at a point q € S in such a way that 
the traces of y; and 72 constitute the boundary of a simple region R of S, 
then by Gauss-Bonnet Theorem ff, do + 0, + 62 = 20 where 6; and 62 
are the external angles of the region R. Since geodesics 72 and y2 cannot 
be mutually tangent. we have 0; < 7, i = 1,2. On the other hand, « < 0, 
whence the contradiction. 

Thus if S contains one closed geodesic I and another closed geodesic I”, 
then I and I” does not intersect I’. Otherwise, the arcs of I and I” between 
two consecutive intersectionpoints r; and rg, would be the boundary of a 
simple region, contradicting above. 

Applying the Gauss-Bonnet Theorem to the region R bounded by two 
simple non-intersecting geodesics [and I’ of S$ to obtain 


i I CPA) =0 dee ytn) 26 


which is a contradictiobn, since k < 0. 
Therefore there exists at most one closed geodesic on a cylinder with 
negative curvature. 


EXERCISE 72. Show that the area of a geodesic polygon with k vertices 
on a sphere of radius 1 is equal to the sum of its angles minus (k — 2)z. 
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SOLUTION. We have that F = k-2, E =k, V =k. Thus xy = 
F-E+V=k-—2. By Gauss-Bonnet Theorem, 


Y [ rslorde ff nde + So 0,= 26-2) 


But since « = 1, Sy J... Kg(s) ds = 0 (since the sides of a geodesic polygon 
are geodesics), [fj 1do = Area(R), Soe, 8; = 3n(k—2) — 0%, ay (since a 


geodesic polygon is divided into k — 2 triangles), where a; are the internal 
angles of a geodesic polygon so the equation above becomes 


k 
Area(R) = S> ay — 3(k — 2)a + 2(k — 2)0 
i=1 


k 
= Soa — (k- 2)r. 
i=1 


EXERCISE 73. Let p be a point of a surface M, T be a geodesic triangle 
which contains p, and a, (, y be the angles of T. Show that 


fiat 4 OE BE 
RD) ae He) = ae Area(T) 


In particular, note that the above proves Gauss’s Theorema Egregium. 


SOLUTION. Since T is a geodesic triangle, so ed Jo, Bg(S) ds = 0 


and F=1,V=£=3. Thusy=F-E+V =1. Further, yO; = 
3m —(a+8+4+7), where 6;, i = 1, 2,3, are the external angles of the triangle 
T. Applying the Gauss-Bonnet Theorem to obtain 


[fda an —(a+8+7)= 2 


Thus 


[[wdo=atBty—m, (1 


By the mean value theorem, 
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i i edo =il@ heal D) 


where € is some point in T. Therefore, the equation (1) becomes 








a+@+y-7 
n(6) Area(T’) 
Hence 
ae ase Bay at 
sp) = Tian K(§) a Area(T) 


as required. 


EXERCISE 74. Show that the sum of the angles of a geodesic triangle on 
a surface of positive curvature is more than 7, and on a surface of negative 
curvature is less than 7. 


SOLUTION. Since T is a geodesic triangle, so yan ie Kg(S)ds = 0 
and F=1,V=E£=3. Thusy = F-E+V =1. Further, par) = 
30 —(a+8+4+7), where 6;, i = 1, 2,3, are the external angles of the triangle 
T. Applying the Gauss-Bonnet Theorem to obtain 


[ [nde +3 — (a+ 8 +9) = 20. 
T 
Thus 


[[ wdo=atBty—m, (1) 


If > 0, then [f,«do > 0 and so we deduce from (1) that a+6+7> 7. 
If « <0, then [f,«do <0 and so we deduce from (1) that a+6+y7 <r. 
In particular, if « = 0 then we deduce from (1) thata+6+y7=7. 





EXERCISE 75. Show that on a simply connected surface of negative 
curvature two geodesics emanating from the same point will never meet. 


SOLUTION. Suppose, towards a contradiction, that a simply connected 
surface of negative curvature two geodesics emanating from the same point 
will meet. By the Gauss-Bonnet Theorem, 
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// Kdo +6, + 69 = 27 
R 


where R is the simple region bounded by two acts of two consecutive inter- 
section points, and 61, 02 are the external angles of R. Since the geodesics 71 
and y2 cannot be mutually tangent, so 7; < 7,7 = 1,2. On the other hand, 
« <0, whence the contradiction (note that if « <0 then [{,«do <0). 


EXERCISE 76. Let M be a surface homeomorphic to a sphere in R®, 
and let T C M be a closed geodesic. Show that each of the two regions 
bounded by I’ have equal areas under the Gauss map. 


SOLUTION. We may assume that the curve a is parametrized by ar- 
clength. Let 3 denote the arclength of the curve n = n(s) on $7. The 


geodesic curvature og n(s) is Fg = (n,n x i) where the dots denote the 


differentiate with respect to §. Since 








dn ds ds 

ie oe 
.. ds Halos Dod 0. ds\5 
i= Kt 7b) T ( Kt 7b)(=) (K aa )n(—) 


(SP = ss 
ds) K2 4+ 7?’ 


so we obtain 


= “ (at — 7b, n) 
= (Fyn +k'r) 
/ / 





Applying the Gauss-Bonnet Theorem to one of the regions bounded by n(J) 
and using the fact that « = 1 to obtain 
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n= ff xdo+ | RK, ds = Area(R). 
R OR 


Since the area of S? is 47, so each of the two regions bounded by I’ have 
equal areas under the Gauss map. 


EXERCISE 77. Compute the area of the pseudo-sphere, i.e. the surface 
of revolution obtained by rotating a tractrix. 


SOLUTION (1). The equation of the tractrix a: (0,7) > R? is given by 


t 
a(t) = (sint, cost + log(tan 3)): 


The area of the surface of revolution around the y-axis is 





= [ " ona /e(DE + WOE dt. 
0 


Note that 











2 (ft) cost 
ai Ml 
2. 22 
y (t) = —sint = 7 
tan 5 
int 1 1 cos § 
=-—sin 
2 cos? 4 sin $ 
. 1 
= —sint+ ——- 
sint 


Thus 
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=—,-l since cos*t + sin?t = 1 





Hence 


S= an f sint - | cot | dt 
0 


a /2 T 
cost cost 
=2n [ sint—> at—2n f sin t—— dt 
0 t wT t 








sin /2 sin 
a /2 T 
=2n [ costdt — 2m [ cos t dt 
0 1/2 
=24 sin t|7/? — 2rsin tT /9 
= 2n — 2n(0 - 1) 
= 4. 


SOLUTION (2). The parametrization equation of the surafce of revolu- 
tion obtained by rotating a tractrix is 


F : F t 
x(u,v) = (sin v, cos u, sin v sin u, cos v + log tan 5) 


We have that 


Ly = (—sinvsin u, sin v cos u, 0) 


: . 1 
Ly = (cosvcos u, cos vu sin u, — sinv + ——). 
sin v 


Thus 
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LSA By) 


sin? u(sin? u + cos? u) 


2 


= sin” v, since sin? v + cos? v = 1, 


fee ripe se ae 











G= {ip 2p) 
= cos? v(cos? u + sin? u) + sin? v + — aie 
sin* v 
_ 2 ae) . #252, DF sso) 
= cos*u+sin*v+ —,z—- 2 since sin“ v + cos*v = 1 
sin* v 
1 cos? v 

— . 2 1 = . 2: * 

sin’ v sin’ v 


Thus the area of the surface of revolution obtained by rotating by a tractrix 
is 


TT 27 
s= | VEG — F2 dudv 


v=0 


u=0 
T 27 
| i | cos v| du du 
v=0 Ju=0 
m/2 p2r T Qa 
-| i cosvdude — [ / cos v dudvu 
v=0 /u=0 v=7/2 Ju=0 


2 
= 20 sin v|/ — 2rsin ult 
= Ar. 


Part 2 


Manifolds 


EXERCISE 78 (Product Manifolds). If M and N are manifolds of di- 
mension m and n respectively, show that M x N is a manifold of dimension 
m+n, with respect to its product topology. In particular, the torus T” is 
an n-dimensional manifold. 


SOLUTION. Consider two distinct points (u,v) and (r,s) in Mx N. 
Without loss of generality, we assume that u 4 r. Since M is Hausdorff, 
it follows that there exists two disjoint open subsets U, and U; in M con- 
taining u and r, respectively. Thus U,U, = @. Let V, and V, be the 
open neighborhoods in N of v and s, respectively. The subsets Uy, x V,z 
and U,. x V; are disjoint open subsets in M x N containing (u,v) and (r,s), 
respectively. Hence, M x N is Hausdorff. 

Since M and N are manifolds, so they have countable bases Ay and 
Bn, respectively. Therefore, M x N have countable bases Ay and Ay = 
{UxV|U€ Bu,V € By}. 

Since M is a manifold, so for every x € M, there is a neighborhood 
Uz which is homeomorphic to R” (The dimension of M is n) under the 
mapping fr. 

Similarly, for every y € N, there is a neighborhood V, in N which is 
homeomorphic to R™ (the dimension of NV is m) under the mapping gy. 
The map hz,y: Uz x Vy > R™*” is defined by hzy(u,v) = (fe(u), gy(v)) 
for (u,v) € Uz x Vy. Then U; x Vy is homeomorphic to R™+” under the 
mapping hz since f, and g, are homeomorphisms and the dimension of 
the manifold Mx N ism+n. 


EXERCISE 79 (Group Actions). Show that if a group G acts properly 
discontinuosly on a manifold M, then M/G is a manifold. (Hints: Openness 
of 7 ensures that //G has a countable basis. Condition (i) in the defintion 
of proper discontinuity ensures that 7 is locally one-to-one, which together 
with openness, yields that M/G is locally homeomorphic to R”. Finally, 
condition (ii) implies that 1//G is hausdorf.) 


SOLUTION. Assume that [p] ¥ [q] for [p] and [gq] in M/G. Since [p] ¥ [gq], 
so p # h,g(q) for any g € G (hg is a homeomorphism on M). Since G acts 
properly discontinuous on M, so there exists open neighborhoods U and 
V, respectively, such that UNh,(V) = 0 for all g € G (condition (ii) in the 
defintion of the properly discontinuous). Therefore, UN (Ugeq hg(V)) = 9. 
This implies that 
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mU)A(LJ hg(V)) = 9. 


gEG 


Since 7 is open and hg(g € G) are homeomorphisms so 7(U) and 
Ugeq hg(V) are open subsets in M/G. It is clear that [p] € 7(U) and 
la] € Useghg(V). Therefore, m(U) and Uzeg hg(V) are open neighbor- 
hoods of [p] and [gq], respectively. Thus M/G' is Hausdorff. 

Since M is a manifold, so M has a countable basis @jy. We shall prove 
that 7(Au) = {7(U) | U € Bu} is a countable basis of M/G. Indeed, 
for any open subset V in M/G, then 1~1(V) is open in M (since 7 is 
continuous). Since By is a countable basis of M, so there exists U € By 
such that U C r-!(V). Thus 7(U) C V. Therefore, (jz) is a countable 
basis in M/G. 

For each p € M, there is an open neighborhood V of p which is home- 
omorphic to R”. 


aK Ls 


Let g be the homeomorphism from V to R”. Then f: 7(V) C M/G > 
R” is defined by f(a(v)) = g(v) where v = m(v)\{hg(v) | g € G\{e}}. 

Since 7 is an open mapping, so 7(V) is open in W//G and it contains [p]. 
Thus 7(V) is an open neighborhood of [p] in M/G. Since G acts properly 
discontinuous on M, so 7 is locally one-to-one (condition (i)). Thus f 
defined above is a homeomorphism from 7(V) onto R”. Thus M/G is a 
manifold. 


EXERCISE 80. Show that RP” is homeomorphic to 8"/{+1}, so it isa 
manifold. 





SOLUTION. We have 


RP" = {(2, =e) | LE 3}; 
S”"/{+1} = {(fi(a), f-1(a)) | « € S”, fi(¢ = £1) is the homeomorphism on 8”}. 


The mapping g: RP” > S"/{+1} is defined by 
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g((#, —a)) = (fi(@), f-1(#)) 


Since f; and f_; are homeomorphisms on 8”, so g is a homeomorphism from 
S” onto $"/{+1}. Since RP” is a manifold and RP” is homeomorphic to 
8$”/{+1}, so S"/{+1} is a manifold. 











EXERCISE 81 (Hopf Fibration). Note that, if C denotes the complex 
plane, then S' = {z € C | |jz|| = 1}. Thus, since ||zw|| = |[z|| ||wl, 
S! admits a natural group structure. Further, note that S? = {(z1, z2) | 
llza||? + |lzol? = 1. Thus, for every w € S!, we may define a mapping 
fw: S3 3 S3 by fw(21, 22) := (wz1,wz2). Show that this defines a group 
action on S3, and S3/S; is homeomorphic to So. 


SOLUTION. The unit element of the group S! is 1. We have 


fila, 22) = 4 leis lz} 
= {21, 22} for (21, 22) € si. 


Thus fi is the identity function on S!. For wi, we € S! and (21, 22) € 8°, 
we have 


fur © fr (21, 22) = fu, (W221, W222) 
= ((wy we) 21, (wiwe)z2) 


= fwrwe((A1, 22)). 
Hence fw, © fw ((21, 22)) = fw,w2((21, 22)). Therefore the group S! acts on 


S°. 
Consider the mapping f: S?/S! — S? is given by 
= 2 2 
Ff ([e1, 22]) = (22122, [lza||" — llzall”). 


Assume that f([z1, z2]) = f([u1, ug]). Then this is equivalence to 


2122 = uyue2 (1) 
2 2 2 2 
llzall” — |lzall” = lleall” — llwall” (2) 


It follows from (1) that 
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HAG os U2, for uy #0, 22 #0. 
Qi. 28 
Hence 
zy = vuy, ug = Vz2. (3) 
It follows from (2) that 
llzall? = lleall? = llz2ll? — [leall?. (4) 


Substituting (3) into (4) gives that 


2 2 2 2 2 2 * 
Heol Neal? = Weal” = llzall? — [ell Teall since ||| = lull. 
Thus 
2 2 2 2 
eal (loll — D) = flail? G2 — Tell’). 
This only happens as ||v|| = 1 or v = w € S*. Therefore, z1 = wui, and 


substituting this into (2) gives 


WU, 22 = UjU2. 


This implies zg = Wt2, so z2 = wug. 

If uy = 0, then it follows from (1) and (2) that z; = 0 and ||z9]| = ||uall, 
that is zo = w'ue, w’ € SI. 

If z2 = 0, then it follows from (1) and (2) that ug = 0 and ||z,|| = ||uzl, 
that is z; = w’u,, w’ € S!. 

Hence [21, za] = [wi, ug]. Thus f is an injective. 

We shall prove that f is well-defined. Indeed, if (wi, ug) ~ (s1, 52), then 
uy, = ws, and uz = ws2 for some w € S!. We have 


f({ua,u2]) = (Quarta, [ua ||? — |}u2|I7) 
= (2ws1 Wx, ||wl|* ||si||” — |Jwl]? ||u21]7) 
= (28132, ||s1||” — || s2l|*) since ww = ||w||* = 1 
= f([s1, $2]). 


Hence f is well-defined. 
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We next prove that f is surjective. Indeed, for arbitrary (z,t) € S?, 
(z € C,t € R), we have z = re” for wo = Arg(z), where r= V1-#2 = 
l|z|| (since ||z||? + #2 = 1). Consider 


1-t . 
za = 4] <3 ue 


where w € S!. Then (21, 22) € S°/S! and 


f (21, 22]) = (22122, llaall? — [lzell”) 
: 1+t 1-t : j 
= (V1 — Pe, <n cone since ||w|| = 1, |le“’|| = 1. 
Set): 


Thus f is surjective. So f is bijective. 

It is clear that f is continuous and S?/S! is compact and f is a bijective 
from a compact set onto a Hausdorff space S?, therefore f is a homeomor- 
phism. That is to say S°/S! is homeomorphic to S?. 





EXERCISE 82. Show that S” is a smooth (C®) manifold. 
SOLUTION. Let 


U; = {(#1,%2,.--,2n41) ER" | aj =O,af + apt tay tap t+ ey <U, 


PC Ccnipe cy Pana eres ae re tee p@n4a)) = (21,22, tee »%j-1, Dj, i441, tee Pn) € Ree 





where D; = yi _ a Se a +27.) +---271,), and 


wWi((21, L2,-++,Uj-1, Vi+1,--- Reidy) = Cris see 5 Vi-1, —Dj, £441, au ees 


It is clear that y; © Oe, Wie wet, (pj 0 bs, Wyo 5" are the smooth (C) 
functions. 
We also have 
n+1 


U U; =S8". 
i=l 
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The family {(Ui, yi), (Ui, Yi),4 = 1,n+ 1} is an atlas of the manifold 
S”. The functions y; and ~; are homeomorphisms. Therefore S” is a 
smooth (C°®) manifold. 


EXERCISE 83. Show that the notion of smoothness of a function f: M—> 
N is well-defined (i.e., it is independent of the choice of local charts). 


SOLUTION. Assume that for evry p € M there exists other local charts 
(U’, y’) of M and (V’, y) of N, centered at p and f(p) respectively. Since 
has a differential structure, so let VU) = UNU'’, Vi = VNV’, then (U1, ¢'|u,) 
and (Vi, ~"|y,) are local charts, centered at p and f(p), respectively. 

We have w"|y,0foy’|y, = wofoy ! is smooth (since (Ui, y'|u,) C (U, v) 
and (Vi, u"|y,) C (V,w)). Therefore the notion of smoothness of a function 
f: M > N is well-defined. 


EXERCISE 84 (Exercise 0.2 from |Car92].). Prove that the tangent bun- 
dle of a differential manifold M is orientable (even though M may not be). 


SOLUTION. Let {(Uq, a)} be any atlas of M, and A be the atlas of TM 
given by {(Vq = 17 1(Ua), a = (La X id) 0 Yy)}, where Ya: Vo 4 Ug x R” 
are the trivializing maps. We shall prove that this is an oriented atlas. 

Define $a (u,v) = fe ee 

For a vector (u,v) € R” x R”, then (u,v) = (¢(u), A(u) - v), where 


p= LB ea, and Ajj (u) = oF. 


Let (ul,...,u”,v!,...,u™) be coordinates around (u,v) € R” x R”. 
Given 7,7 = 1,2,...,n, one has 
ag" ag 
Bus! me) = Bya = Aes 
a¢' 
Foi | (uv) = 0, 
agnt* 0 


Hor |ue) = Bogue) (AC) - v) = Aigj(u). 


Therefore, the Jacobian matrix of b has the block form 


(0 4) 


and its determinant equals det(A)? > 0. Thus TM is orientable. 
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EXERCISE 85 (Exercise 0.5 (Embedding of P?(R) in R*) from [Car92].). 
Let F: R® > R* be given by 


PCy, z) = ( =. y*, LY, £2, yz), (x,y, 2) =pe R’. 


Let S? Cc R® be the unit sphere with the origin 0 € R®. Observe 
that the restriction y = F|S? i such that y(p) = y(—p), and consider the 
mapping @: P?(R) > R?* given by 


¥([pl) = v(p), [p] = equiv. class of p = {p, —p}. 


Prove that 

(a) ~ is an immersion. 

(b) @ is injective; together with (a) and the compactness of of P?(R), 
this implies that ¢ is an embedding. 


SOLUTION. (b) We shall prove that ¢ is an embedding of P?(R) into 
R*. We first prove ¢ is injective. Indeed, assume that £([p]) = A([q]) for 
p = (a,y,z) and q = (u,v, w) in R3. This is equivelent to 


gy =u2— v2, (1) 
xy = UU, (2) 

LE =U: (3) 

yz =D, 


Since P?(R) is the quotient of S? by the equivalent relation that. identi- 
fies p € S? with its anipodal point, so ||p|| = ||q|| = 1, that is 27 +y?+ 2? = 
u? + v* + w? = 1. Combine this together with (1) and (3) to obtain 


gta? =u?t+w? 
Lz = uw 


This system has solutions 


or 
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LP = 
z = 


Combine these with (2) to obtain 


a 
y =v 
ez 

or 
L =U 
y =-v 
zZ =-w 


That is p~ q. Then [p] = [gq], and hence @¢ is injective. 

Since P?(R) is a compact set and @ is injective from P?(R) into the 
Hausdorff space R*, so @ is an embedding of P?(R) in R*. 

(a) But an embedding is also an emersion, hence ¢ is an immersion. 


EXERCISE 86 (Exercise 0.8 from [Car92].). Let M, and M2 ve differen- 
tial manifolds. Let y: My — Mo be a local diffeomorphism. Prove that if 
Mg is orientable, then My, is orientable. 


SOLUTION. Assume that Mg is orientable and it admits a differentiable 
structure {(Ug,%q)}. At each point p € Mo, there exists a neighborhood 
V of pand W of y(p) such that V and W are diffeomeomorphic under the 
mapping yp. 

Let ya: R” > M, be given by ya = p10 aq. 

The differential structure {(Va, ya)} of M1 satisfies 


Yo © YB =Yo CP  CLy 
=2£,'opop toB 
=i, Og since yo y! = id. 
But Mb is orientable, so the differential of 2, !ozg has positive determinant. 


This implies that the differential of y, + oyg has positive determinant. Thus 
M, is orientable. 
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EXERCISE 87 (Exercise 0.9 from [Car92].). Let Gx M— M bea 
properly discontinuous action of a group G on a differentiable manifold M. 

(a) Prove that the manifold M//G is orientable if and only if there exists 
an orientation of M that is preserved by all the diffeomorphisms of G. 

(b) Use (a) to show that the projective plane P?(R), the Klein bottle 
and the Mobius band are non-orientable. 

(c) Prove that P”(R) is orientable if and only if n is odd. 


SOLUTION. (a) Let 7: M — M/G ve given by 


t(p) = [p] for pe M. 


M is orientable if and only if there exist a chart {(Ua,%q)} such that for 
every pair a, 8 with ta(Ua) N xg(Ug) # Y, the differential of x3! o xg has 
positive determinant. 

Note that the family {(7(Uq), 7°%q)} is a differntial structure of M/G. 
(Note that xa: Ua. C R" > M and 7 is an open mapping). 

We have that 


The differential of (7 0 rq)~1 0 (7 0 xg) has positive determinant if and 
only if the differential of x3! o xg has positive determinant. Thus M/G is 
orientable if and only if M is orientable. 

(b) We first show that Mobius strip is not orientable. Consider M is the 
right circular cylinder given by C = {(2,y,z) € R? | a?+y? =1,-1l<z< 
1}. The diffeomorphisms of M are formed by {A,id}, where A(p) = —p 
for p € M. Then M/G is a Mobius strip. Since M is non-orientable, so by 
applying (a) we obtain that the Mobius strip is non-orientable. 

Since P?(R) contains a Mobius strip and Mobius strip is non-orientable, 
so P?(R) is non-orientable since it admits an atlas such that there exists a 
pair of charts (Ua, 2a), (Ug, xg) of M, xz*owg is not orientation preserving. 

When M is the torus of revolution T?, then M/G is is a Klein bottle 
and we know that M is non-orientable, so M/G is non-orientable by (a). 

(c) Recall that we have a natural mapping 7: S” — RP” which is 
a local diffeomorphism, and is given simply by z(p) = {p,—p}. Now let 
r: S" +S” be the reflection through the origin. Then 
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ROP = Ws 


If RP” is orientable then we may assume that 7 preserves orientation. 
Then the above inequality implies that 7 or preserves orientation as well. 
This is not possible only if r preserves orientation which is the case only 
when n is odd. Thus RP” is not orientable when n is even. 

It remains to show that RP” is orientable when n is odd. In this we 
may orient each tangent space Tj,) RP" is as follows: take a representative 
from q € [p]| = {p, —p}. Choose a basis of TS” which is in its orientation 
class, and let the image of this basis under dz determine the orientation 
class of Tj,)RP"”. This orientation is well defined because it not effected by 


whether g = por q = —p. Indeed, in (b1,...,b,) is a basis in the orientation 
class of T,S” and (b{,...,/,) is a basis in the orientation class of T_,S” 
then 

(drp(b1),...,dm(bn)) and (dx_,(b;),..., d7(b,,)) 


belong in the same orientation class of Tj,;RP” ; because 


drp(bi) = d(m or) p(b;) = dt (p) © Arp(bi) = dtp © drp(bi) 


and r preserves orientation, i.e., (drp(b1),...,drp(bn)) belongs in the same 
orientation class as (bj,... can 


EXERCISE 88. Show that O,, is a smooth n(n — 1)/2-dimensional sub- 
manifold of GLn. (Hint: Define f: GL, — GL, by f(A) = AA. Then 
show that T,4GL,, is given by the equivalence class of curves of the form 
A+tB where B is any n x n matrix. Finally, show that df4(T4GL,) is 
isomorphic to the space of symmetric n x n matrices). 


SOLUTION. Consider the mapping f: GL, > GL, given by 


f(A) =ATA 


for any A € GLn. We first note that A € Op is equivalence to ATA = I 
where I is the identity matrix. But det(A’A) = A? and detI = 1, so 
det A = +1. This implies that O, = f-'(J). f is the composition of 
C™-maps, so f is C™. 

Since [f(A)]? = (ATA)? = ATA = f(A), so f(A) is a symmetrix 


matrix. 
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We have 


(A++tB)?(A+tB)-— ATA 








dfa(B) = lim , 
T T _ aT 
= (AT +4BT)(A+tB)— ATA 
t>0 t 
= A™B+B™A 
= A™B+(A™B). 





df, is a composition of two maps 


yp: GL; > GIy 
Bw A’B, 

wy: GL, > Sym(n) 
Bw B+B', 


where Sym(n) is the set of invertible symmetric matrices. y is onto since 
A’ is invertible and w is onto since for any C € Sym(n), then w(5C) =C. 


Thus df4 = ~ oy is surjective and has rank noe”, 


Applying Theorem 2 of Lecture Note 7 to obtain that f~!(I) = On isa 
n(n+1) _ n(n—1) 
> 





smooth submanifold of GL, and it has dimensional n? 


Thus O,, is a smooth n(n) dimensional submanifold of GL. 


EXERCISE 89 (Exercise 1.1 from [Car92].). Prove that the antipodal 
mapping A: S” + S$” given by A(p) = —p ian isometry of S”. Use this 
fact to introduce a Riemannian metric on the real projective space P"(R) 
such that the natural projection 7: S” + P"(R) is a local isometry 


SOLUTION. Since A(p) = —p, so 








dA,(q) = — lim ; 
— lim ~~ 24 — (9) 
t0 t 
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Thus aA,(q) = —q. Thereofore 
(U,U)y = (—U,—U)_» since the inner product is bilinear 
= (dAp(u), dA,(Y)) acy) : 


Hence A is an isometry of 8”. Define an inner product on P”(R) by 


(Ip] , [a]) = I{p-¢)| 


for p.q € S". This inner product is well-defined because it is not depend 
on the representation of the class. 

At each point p € 8S”, there is a neighborhood U such that for any 
u,v € U, then (u,v) > 0 since (p,p) > 0 and the inner product on S” is 
continuous. Thus for u,v € U, we have 


(upg = [Fm e 
= (a4p(u), dAp(U)) a¢p) 


= |(drp(u), dr p(v)) (| 
= (dn, (uw), AT p()) a(p) since d,(u) = m(u) and A,p(u) € [u] 


Thus this inner product is a Riemann metric on P"(R) and 7 is a local 
isometry. 


EXERCISE 90 (Exercise 1.3 from [Car92].). Obtain an isometric immer- 
sion of the flat torus T” into R?” 


SOLUTION. We have T” = S! x S! x... x $+ (The Cartesian product 
of n coppies of S$"). 
Consider the mapping 


~: 7" +R” 
is defined by 
wert EP 2.338") = (COs x18 17, COS 1a, BIN oy 2. COS Hy, SINT, ) 
where 2; € R, Vi € {1,2,...,n}. 


For p= (es ce?) ga (St. pe"). TF, then 


p+tq = (e+ te™,..., 6 + te), 
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So 


diig(q) = Him SPW — OO) _ 





Thus dy» is injective, and so ~ is an immersion. 


We have 


(u,v), = (dibp(), dbp) yey 
since dip)(q) = q. Hence ~ is an isometric immersion. 


EXERCISE 91. Show that the the Poincare half-plane and the half-disk 
are isometric (Hint: identify the Poincare half-plane with the region y > 1 
in R? and do an inversion). 


SOLUTION. Let ||-||,, be the norm generated by the inner product gp(X,Y) = 
Sr That is ||X||, = \/gp(X, X), X € BY? ={X ER" | |X|], < 1. 
Let H” = {(21,...,2n) € R” | xy > 0}. Define the mapping f: B” > H” 
by 


P— Po 
(= eee ee 


where po = (0,0,...,0,-1) € R”, p € B”. For v is a vector at p and (.,-) 
denotes the inner product in the Euclidean metric, 


(dfp(v), dfp(v)) = 2) 
lp — Pol 


Let f(p) = (filp), fa(p),---; fr(p)). Then 





fies 
lp — poll 
= 2pn +2 — So, p? — 2pn, — 1 
lp — poll” 
_ 1p? 
Ip — poll? 


for p = (pi, p2,---;Pn) € B”. 
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Note that X € B”. Then XIl5 <1. so Tee <1. Thus ||X|| < 


1 — ||p||? < 1. We have 


_ (dfp(v), Ufp(v)) 





Poles) = "TOP 
_ p= poll* (@, 2) 
(1 — |Ipl|*)? |lp — poll* 
= Jp(v, v) 


where hp(X,Y) = le is the inner product in H”. Since f is injective, so 


we conclude that f is an isometry of B” onto H”. 


EXERCISE 92. Compute the metric of the surface given by the graph of 
a function f: QC R? > R. 


SOLUTION. Let z = f(x,y) be the function representing the surface in 
R?. Define the function g: R? + R? by 


g(x,y) = (x,y, f(x,y). 


We have 
= Of 
Dig(x,y) = (1,0, an)? 
_ Of 
Dog(x, y) yt (0, 1, By 


Therefore, gi;(f(x,y)) is given by 








EXERCISE 93. Compute the length of the radius of the Poincare-disk 
(with respect to the Poincare metric). 


SOLUTION. Let B" = {p € R” | ||pl|z < 1} where |[pllz = V9(p,P) 
is the norm generated by the inner product gp. For any X € B”, then 
|X| <1. This is equivalnce to 
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p(X, X) <1 
(X, X) 
= SS 
(1 — |[pII") 
a |X|] <1 = [p|l?- 


Therefore the radius of B” is r = 1— ||p]l. 


EXERCISE 94 (Exercise 2.1 from [Car92].). Let M be a Riemannian 
manifold. Consider mapping 

P= Pott : Tet.) M <> To)M 

defined by: Pet .t(v), v € Toe) M, is the vector obtained by parallel 
transporting the vector v along the curve c. Show that P is an isometry 
and that, if M is orientel, P preserves the orientation. 


SOLUTION. The vector field V in the parallel transporting along the 





curve c. Since a = 0, so 
‘: (V(t), V(t2)) = (Pee ; V(t) + (vit, oe) 


=0 


for all t1,tg € I and c: I — M. Therofore (V(t1),V(t2)) = const. In 
particular, (V(t), V(t)) = const, for t € J. Thus 


(Pe,to,t(V (to)), Pe,to,e(V (to))) = (V(t), Ve) 
= (V(to), V(to)) 


or 


I|Petoe(w) I = Hell, 


for u€ To(to) M. 
Since Pot92(v), v © Te(ty)M is linear, so for u,v € Tez.) M, 


I|Pe,to,e(u — ¥) |] = llu — al, 


which is equivalent to 
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|| Po,to,t(u) — Pe,to,e(¥) | = llu — of]. 
Thus Peo, is a linear isometry. 

Let { £1, E2,...,E,} be an oriented basis at T,.M where p = c(to). De- 
note P; = P..to,¢ be the parallel transporting. Since the parallel transporting 
preserves angles and lengths, so {P,E1, P,F2,...,P:En} is an orthogonal 
frame along c. We have 


dp Po,to,t = (PE1, PE, foene eee 


Let f(t) = det(P,£1,...,PE,). If f(b) < 0, where 6b € [0,1] (and c: [0,1] > 
M is a smooth curve), then by Picard-Lindeloft, f(t) is snooth in t, and so 
by the intermediate value theorem, there is a ¢ € [0,a] such that f(t) = 0. 
This contradicts to the fact that {P,E1,...,P,E,} is an orthogonal basis. 
Thus, the parallel transporting preserves orientation. 


EXERCISE 95 (Exercise 2.2 from |Car92].). Let X and Y be differ- 
entiable vector fields on a Riemannian manifold M. Let p € Mand let c: 
I — M be an integral curve of Xthrough p, ie. c(to) = pand 4 = X(c(t)). 
Prove that the Riemannian connection of M is 


(Vx¥)(p) = SPAY et))))eat 


where Pet,¢: Te,)M > Te) M is the parallel transport along c, from toto 
t (this shows how the connection can be reobtained from the concept of 
parallelism). 


SOLUTION. By Proposition 2.2 from |Car92], 


Vec¥ (0) = Veen ¥ 0) =VxV (0) =o) ) 


for V(t) = Y(c(t)). Moreover, since 


P.,t9,t(V (to)) = V(t), 


sO 


But 
do dV (t 
£ Pah e(¥ (el) =~, = 0 (2) 
It follows from (1) and (2) that 
d 1 
Vac ¥ (p) = 7 Pea t(¥ (cl) to 


EXERCISE 96 (Exercise 2.3 from [Car92].). Let f: M" > M"** be 
an immersion of differentiable mani-fold Minto a Riemannian manifold M. 
Assume that M has the Riemannian metric inducel by f (cf. Example 2.5 
of Chap. 1). Let p € M and let U C M be a neighborhood of p such 
that f(U) C M is a submanifold of M. Futher, suppose that X,Y are 
differentiable vector fields on f(U) which extend to differentiable vector 
fields on f(U) which extend to differentiable vector fields X, Yon an open 
set of M. Define (VxY)(p) =tangential component of VxY(p), where V 
is the Riemannian connection of M 


SOLUTION. Denote 


Vx¥ (p) = (VxY)(p) + Vz¥ (0) 


where (VxY)(p), (VY) (p) are the tangential component and the normal 
component. respectively. We have 








VxY —VyX = VY (p) — Vx¥ (p) — VeX(p) + VFX (p) 
= [Vx¥ (p) — VeX(p)] + [VEX(p) — VEY (0) 








where pr; is the projection 
on the normal at p 





= [X,Y] — pri[Vx¥ (p) — VyX(p)] 


= [X,Y] — pri l[X, Y]] 
= [X,Y]. 


Thus VxY is symmetric. 
For any pair of parallel vector fields P and P’ along C, we have 


d DP DP’ 
—(P,P’)= P\+(P. 
a ) (FF ) (P r) 
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since oe = Le “ = (0. Thus (P,P’) = const. Therefore V is compatible 
with the Riemann metric and so V is the Riemann connection of M. 


EXERCISE 97 (Exercise 2.4 from [Car92].). Let M? C R?3 be asurface in 
R? with the induced Riemannian metric. Let c: J > M be a differentiable 
curve on M and let V be vector field tangent to Malong c; V can be thoughr 
of as a smooth function V: J > R?, with ve ) € Tog) M. 

(a) ae that Vis parallel if and only if ¥ Wis perpendicular to T.,)M C 
R where 4 vis the usual derivative of V: I = RS. 

(b) If $2 Cc Ris the unit sphere of R3, show that the velocity field 
along great circles, parametrized by arc leneth, is a parallel field. A similar 
argument holds for S” Cc R®*1. 





SOLUTION. (a) Note that on the Euclidean space R”, ry =0,so BY = 
ue where V: 1 + T,M . That is, the covariant derivative concides with 
the usual derivative of V: I + T,M. 

tie a suppose that V is parallel. We have oe = 0, and so a = 0. 
Thus 4 “ar 18 perpendicular to Ty4)M. 

Canvey suppose that vi is pop to Tz) M. Then (m P) = 
0 for es € Tyr) M. This implied that tae es Pe = 0 for any P € T.4)M 
( 


since = = ov). In particular, if P = ae then we obtain 


DV DV\ _ 
dt’ dt / 

Thus i= = (0). Therefore, V is parallel. 
(b) WLOG, we consider the great circle 


c(@, 0) = (sin @, 0, cos @). 
The velocity vector at p = (sin 6,0, cos @) is 


c(0,0) = (cos 6,0, —sin@). 


We have (c(8, 0), c(O, 0)) = sin 8 cos @ — cos@sin@ = 0. Thus ae is perpen- 
dicular to T;,$”, so the velocity field is a parallel field by (a). 

For S” = {(a1,...,0n41) | 2?1! 2? = 1}, then as an41 — 0 we obtain 
the great circle F™ =. {(¢4,.....,.% 9; 0) |. Sees = 1b. Considers VS 
(%1,...,2n,0) € F”. Then eke he hae = 1. Thus 
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01401 ++-++4n2n = 0. CE) 


The tangent plane surface at p = (&1,...,&n) is 


n 


SoG: — &)& =0. 


i=1 


For any (%1,...,%n) € T,S”, it follows from (1) that 


Thus a is perpendicular to TS”. Therefore the velocity field is parallel. 


EXERCISE 98 (Exercise 2.5 from |Car92].). In Euclidean space, the par- 
allel transport of a vector between two points does not depend on the curve 
joining the two points.Show, by example, that this fact may not be true on 
an arbitrary Riemannian manifold 


SOLUTION. Note that in the Pu space, ce = v where V: I > 
T,M. If V isa parallel transport, then 2 EY = ay = 0. Thus it is not depend 
on the curve joining the two points. 

Consider the upper half plane 


Ri = {(x,y) | y > 0} 


with the metric given by gi. = g22 = me gig = 0. Hence we obtain 
2 1p 2 1 
Ty) =P =Ty =0, TH = y? Pig = Po9 = ~y 


Since ['}, #0 and 3, =I}, 4 0, so the fact 


eg tL 


implies i Zu 
Further, consitier vo = (0,1) be a tangent vector at point (0,1) of R2. 


Let v(t) be the parallel tranport of vp along the curve x = t, y= 1. The 
field v(t) = (a(t), b()) satisfies 
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#@+T2a@ =0. 


Taking a = cos @(t), b = sin @(t) and along the given curve y = 1, we obtain 
from the equation above that 4 = —1. Since v(0) = vo, so O(t) = % —t. 
This shows that the parallel transport depends on the curve joining the two 
points. 


EXERCISE 99. Show that the bracket satisfies the following properti 


[X,Y]=-[Y,X] and [X,[Y, Z]] + [Y,[Z, X]] + [Z, [X, Y]] =0. 
SOLUTION. We first prove that 
[X,Y] = -[Y, X]. 
We have that 


[X,Y pf = Xp(Vf) — Y(XP) 
= —[¥p(Xf) — Xp(¥ f)] 
=—lY, X|pf 
for any function f on M that is differentiable at p. Thus 


[X,Y] = -[Y, X], 


as required. 
We now prove that 


[X, [Y, Z]] + [Y, |Z, X]] + [Z, [X, Y]] = 0. 
We have that 


[X, IY, Z]pf = Xp (Ys Zp f) — [Y, Z]p(XS) 

= Xp(¥p(ZF)) — Xp(Zp(VF)) — Yo(Zp(XF)) + Zp(Vo(XS)) 

= XpY¥p(ZF) — XpZp(¥ Ff) — YoZp(Xf) + Zp¥p(X)- (1) 
Similarly, 


[Y, [Z, X]lpf = YpZp(X f) 7 Y,X;(Zf) = ZpXp(¥ f) = XpZp(¥ f) (2) 
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and 


7,14, Ypf = 2pXp(¥ f) — Zp¥p(Xf) — Xp¥p(ZP) + YpXp(ZP). (2) 
Add (1), (2) and (3) to obtain 


[X, Re Z\Ipf al [Y, [Z, X]lpof - [Z, [X, Yipf = 0 
for any function f that is differentiable at p. Therefore 


[X, [Y, Z]] + [Y,[Z, X]] + [Z, [X,Y] =0. 


EXERCISE 100. Show that a connection is symmetric if and only the 
correspding Christoffel symbold satisfy 


Tk r* 
ij —* jt 
in every local chart. 


SOLUTION. By Corollary 0.3 of Lecture Notes 15, 


oy el = 0. 
Thus 
Vx,X;j Vx; Xi ms [Xi, X5] 
=0), 
So 
Vx,» = Vx; Xi- 
But 


n n 
VaXi= PTX, and Vx X= THK 
k=1 k=1 


Therefore 
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n n 
Sone = ET 
k=1 k=1 
This implies that 


n 


Soh — TG) Xe = 0. 


k=1 
Since X1, Xo,...,X% are linear independent, it follows that 
rk —T¥%,=0 for k € {1,2 
iy l= or k € {1,2,...,n}. 
Therefore 
eae for k € {1,2,...,n} and i,j € {1,2,...,n} 


in every local chart. 


EXERCISE 101 (Exercise 2.7 from [Car92].). Let S? C R® be the unit 
sphere, ¢ an arbitrary parallel of latitude on S? and V, a tangent vector to 
S? ai a point of c. Describe geometrically the parallel transport of V, along 
C. 

Hint: Consider the cone C tengent to S?along c and show that the 
parallel transport of V, along c is the same, whether taken relative to $?or 


to C. 


SOLUTION. Consider the cone C tangent to S? along c. Then the 
latitude c(t) lies on the cone C. For any tange vector Vo at the point p 
of c(t) and q is the arbitrary point of c(t). Let Rpg be the rotation that 
has the rotation axis be the axis of the cone C and it maps p to q where 
p = c(to), q= c(t). Set V(t) = Ryge(Vo) where Rpg Vo is a parallel transport 
the vector Vo along c. Thus the parallel transport of Vo along c is the same, 
whether taken relative to S$? or to C.\ 


EXERCISE 102 (Exercise 2.8 from |Car92].). Consider the upper half- 
plane 
Ri = {(2,y) € Ry > 0} 


with the metric given by 911 = goo & seeGl = 0 (metric of Lobatchevski’s 
non-euclidean geometry). 
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(a) Show that the Christoffel symbols of the Riemannian connection 
are: Ty, = Ty, =P, =0, TH, = a Tip =T = a 

(b) Let vo = (0,1) bea tangent vector at point (0,1) or R2*(v, = (0, 1) 
is a unit vector on the y-axis with origin at (0, 1)). 

Let u(t) be the parallel transport of vo along the curve x = t, y = 1. 
Show that v(t) makes an angle ¢ with the direction of the y-axis, measured 
in the clockwise sense. 

Hint: The field u(t) = (a(t), b(t)) satisfies the system (2) which defines 
a parallel and which, in this case, simplifies to 


b+ T2a=0. 
Talking a © cos 0(t), b = sin @(t) and nothing that along the given carve 


we have y = 1, we obtain from the equations above that ao = —1. Since 
v(0) = vo, this implies that @(t) = 7/2 —t. 


SOLUTION. (a) We have 


1 
a 2) 
a=(% ay 
y? 


This imples that 














1,0 0 0 1,0 0 6) 
Tho = 5 (5, 92 + ys! apo 5 (5, 922 + Dy 72! Hy IDI 
ae Ta 5s 
= 3g ary =0 


since g!? = 0, go, = 0 and gaz = aE Further, 


1 _ 
P59 


ll, 
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22 








| O Ff O O 
9 aye By An? gos 
1,-2.1 1,-2.1 


=0 
9 Px = 3 Gay 





Hence I'}, =T'?, =I}, = 0. We have 


since g!? 


since g!? 


1g, 
Pio = 





2 





Zz ele 
S) 
8 
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fe) 
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fo) 
mat) 
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Ka 
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since g”! = 0, go1 = gi2 = 9, gu = 2 g =i 


(b) The field v(t) = (a(t), b(t)) satisfies the system 





k : 
—-+ LU = for k = 1,n. 
4,9 


In this case, this simplies to 


&+T2aq =0. 


Taking a = cos @(t), b = sin @(t). Then 


The system (1) becomes 


ts sin 0(t) 4 — 7 sin O(t) =O, 


cos a(t) # + 7 C08 CO), =0,; 
Note that Tj. = a r= 7 by part (a). We obtain from the system 
of equations that ae = igi But note that along the given curve, we have 
y = 1, so a = —1l. This implies that 6(t) = —t+C for C = const. 


Subsitute @(t) = —t+ C into v(t) to obtain 


u(t) = (cos(—t + C), sin(—t+ C)). 


Since v(t) is a parallel transport of vg = (0,1) along the curve x = t, y= 1, 
so v(0) = vo = (0,1). Therefore, (cosc, sinc) = (0,1), which implies that 
C= 4. Hence 01) >t +4. 


EXERCISE 103 (Exercise 2.9 from |Car92].). (Pseudo-Riemannian Met- 
rics). A pseudo-Riemannian metric on a smooth manifold M is a choice, 
at every point p € M, of a non-degenerate symmetric bilinear form (,) (not 
necessarily positive definite) on T,.M which varies differentiably with p. Ex- 
cept for the fact that (,)need not be postive definite, all of the definitions 
that have been presendted up to now make sense for a pseudo-Riemannian 
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metric. For example, an affine connection on M conpatible with a pseudo- 
Riamannian metric on Msatisfies equation (4); if, in addition, () holds, the 
affine connection is said to be symmetric. 

(a) Show that the theorem of Levi-Civita extends to pseudo-Riemannian 
metrics. The connection so abtained is called the pseudo-Riemannian con- 
nection 

(b) Introduce a pseudo-Riemannian metric on R"*! by using the qua- 
dratic form: 


O(x0;=-;en) = —(ae)? + (a1)? 4+ (an)?, (£0,520) € ROO. 


Show that the parallel transport corresponding to the Levi_ Civita connec- 
tion of the metric coincides with the usual parallel transport of R”*!(this 
pseudo-Riemannian metric is called the Lorentz metric; for n = 8, it ap- 
pears naturally in relativity). 


SOLUTION. (a) The demonstration og the theorem of Levi-Civita dies 
not use positive definite and the identities which do not depend on positive 
definite. Therefore, for the pseudo-Riemannian connection, the theorem of 
Levi-Civita also holds. 

(b) Let g(x, y) be the pseudo-inner product with respect to the pseudo- 
Riemannian connection. The quadratic form Q(x), 2 € R”*! satisfies 


Q(x) = g(x, x), where 


Qct+y)=gaty,c+y) for z,y€ R"*1 
g(x, x) + 2g(z,y) + 9(y, y) 
Q(x) + 29(z, y) + Q(y). 


Therefore, g(x,y) = (Q(x + y) — Q(x) — Q(y)]. For x = (29,...,2n), 
y= (yo. Pee tad then 


Q(x) = g(a, 2) = —ap tat taz+---+2%, 


Qu) =94.y) = vo tui tut + uF, 








Q(a + y) 
=— (xo + yo)? + (v1 + yi)? + (wa +2)? +°++ + —(tn + Yn)”, 
=(—2§ + of +23 +--- +02) 4+ (—y§ tu? + ug +--- +92) + 2(—zoyo + c1yi + aye +--+ +2nyn) 








=Q(x) + Q(y) + 2(—aoyo + t1y1 + G2y2 +°-- + 2nYn)- 
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This implies that 


a(2,¥) = 5[Q(e +) — Aa) - QW) 


= —LoYo + L1Y1 + L2Y2 +++ + LnYn- 
Let gj = g(ei,e;), 1,7 =0,n+1 (e; = (0,...,0, Le. gOy2233 DN). 


ith position 
Then 
0, fies, 
9j = 1, if*@=7>1, 
-1, ifi=j=0. 


Use the formula 
1 0 0 0 k 
r™ = = Se ee, eee Oe ri 
3 = 35 d {a5 9 - 92,5" ~ Ba ih9 
to obtain 


C=O for all k. 


For i,j > 1, then gj; = (e;,e;) = 5i;, So as in the Euclidean space, we have 
rk = 0 for all i,7 > 1. thus ry, = 0 for all k and all i, 7. Hence 





DV du* g gaa; dV 
— = — | A xX, = —. 
Dt Le th iY ay Ak a 

Thus the parallel transport corresponding to the pseudo-Levi-Civita con- 
nection of this pseudo-metric coincides with the usual parallel transport of 


R11 


EXERCISE 104 (Exercise 3.1 from [Car92].). (Geodesics of a surface of 
revolution). Denote by (u,v) the cartesian coordinates of R?. Show that 
the function y : U C R? > R? given by yp(u, v) = (f(v) cos. u, f(v) sin u, g(v)), 


U ={(u,v) € R?: up <u < up <v < v4}, 
where f and g are differentiable functions, with f’(v)? + g'(v)? 4 0 and 


f(v) # 0, is an immersion. The image y(U) is the surface generated by 
the rotation of the curve (f(w),g(v)) around the axis Oz and is called a 
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surface of revolution S. The image by y(U) of the curves u =constant and 
v =constant are called meridians and parallels, respectively, of S. 
(a) Show that the induced matric in the coordinates (u,v) is given by 


gi= f; giz = 0, g22 = (f')? + (g')?. 


(b) Show that local equations of a geodesic 7 are 


du 2f f' dudv 


Ger f2 dt dt ”’ 





du ff (atte | ffl tig (ae 
dt? (f)2 + (g/)? dt’ "(fi + (g')? “dt 


(c) Obtain the following geometric meaning of the equations above: the 
second equation is, except for meridians and parallels, equivalent to the 
fact that the “energy” | y(t) |? of a geodesic is constant along 7; the first 
equation signifies that if G(t) is the oriented angle, G(t) < 7, of y with a 
parallel P intersecting y at y(t), them 





=0: 


r cos 6 =const., 


where r is the radius of the parallel P (the equation above is called ( Clairaut’s 
relation). 
(d) Use Clairaut’s relation to show that a geodisic of the paraboloid 


(f(v) =v, 9(v) = 07,0 <u <w,-e <u <2r+¢6), 


which is not a meridian, intersects itself an infinite number of times (Fig. 


6). 
SOLUTION. The matrix of dy is 
—f(v)sinu f’(v) cosu 


(dy(u,v))= | f(v)cosu  f’(v)sinu 
0 g'(v) 


For p = (u,v), then 
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—f(v)sinu f’(v) cosu 
v)cosu f’(v) sinu é 
dyp(€,n) = Holeaou Fo)a (a) 
—f(v) sin(u)é + f’(v) cos(u)n 
=| f(v)cos(u)é + f"(v) sin(u)n 
gf (vn 


We have that 

—f(v)sin(u)é + f"(v) cos(u)n =0 (1 

(€,n) € kerdpp = > ¢ f(v) cos(u)é + f’(v) sin(u)n = 0 

g'(v)n = 0 (3) 
* If g'(v) £0, then it follows from (3) that 7 = 0. Since (f(v) sin wu)? + 
(f(v) cosu)? = f?(v) > 0, so it follows from (1), (2) and 7 = 0 that € = 0. 
* If g'(v) = 0, then f’(v) = 0 (since [f’(v)]? + [g'(v)]? 4 0), whence 
the system consisting of (1) and (2) has the determination 2f(v) f’(v) 4 0. 
Therefore it has a unique trivial solution (0,0). Thus ker dy, = {(0,0)}, so 


dy is an injective. Hence ¢ is an immersion. 


(a) We have 
= (—f(v) sinu, f(v) cos u, 0), 
= (f'(v) cosu), f'(v) sin u, g'(v)). 
gu = (X1, X1) = [f (v)]? (sin? u + cos? u) = [f(v)]?, 


g22 = (X2, X2) = [f"(v)]?(sin? u + cos? u) + [9/(v)]? = [f(w)? + [9 (oy. 


Therefore the induced metric in the coordinates (u,v) is 


ju =f", gi2 = 0, go2 = (f')? + (g')*. 
(b) We have 


2 0 
(9:7) = ( 0 (f")? ats (g')? ) 
Therefore 
ae 0 
ij) f? 
(g = ( 0 : 1 : ) 
(fF)? +9’)? 
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Lo Opis Oe A A ek Oa tc aaron 
Ty 35a, Mt le aR Gi Dn, M119 3 |5n, 9 Ba, 22 Day fil 
af laa, Fl )) | 2 Axe (f(v)) (f’)? ats (9')? = (f’)? ae (9')? 

1 1.0 <0: oO ul 0 O 0 ol 
Ti2 = aan, 921 én a gi2\9 3 l5n, 922 T ns 921 as gi2lg 

mela 
oa 
eae Oye AO ie ig AL i apes 
P59 55 ga + Bg Dn, 92219 | 3559? t 5 9? Dany 2219 
fee eID oO es ID a 2s, NO ated 
Py) alae gu + Ee Dx, 92119 3559 Ba 2 Dany P2119 
= eit 
ae 
9 1.0 cm 7 De io. kyo? O 0 29 
My 35, 7 + re Dx, M19 3 5q, 9 Ba, 22! Day fil 
a ee eee eee es 
202°" (f')? + (g')? (fF)? + (g')? 
Ty [ =——911 — x—gizg'? + =[ z g22 4 921 gi2\g7 
12 ~ 95g F717 Gn59"! ~ Oe "9! Ga, 9 * Bay Oxo 
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ine = 0, 
‘il a io tie a a 
Tyo = 35a, 921 + ay fl? Dn, 92219 35a 9? t 5 922 Any 9219 
coll OS be Aeo 1 _ ft" +a'9" 
= B8ag!F) + OV oat ee = GFT 


Thus the local equations of a geodesic y are 


d?x1 Qf f’ dx, dxo 2! 


di «=f? “dé dt — 








or 


du mn 2f fi dudv _ 

dt f? dt dt , 
dy ie (aey2 a le ea (#2 <9 
di? (f!)? + (g/)? dt (Atel gaat 








(4) 
(5) 


(c) Now we consider geodesics except for meridians and parallels. We 


have 


7'(t) = (f’v' cosu — fu’ sin u, f’v' sinu+ fu’ cosu, g’v’). 


So 


ly’? 
= (f’v')? cos? u+ (fu’) sin? u — 2f f’u’v! cos usin u 

+ (f'v')? sin? u + (fu’)? cos? u + 2f f’u'v’ sin ucosu + (g'v')? 
= (f’v')? (cos? u + sin? u) + (fu’)?(sin? u + cos? w) + (g’v’)? 


= (f’v')? + (fu’)? + (g'v')? since sin? u+ cos? u = 1. 





Thus 


IP = (0)? + G10? + £7 (w')?. 


Taking derivative the equation above to obtain 
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LHP) = 200 F" +0" V(0"? + 217? + Pe" + 261 (ul)Pv! + 2Prulw. (6) 














Therefore 
i UH HP Realy pe fei FP ae, Pal 
Gena? Gena Veer! Gree 





Substitute v” = onttone (u’)? aueteae (v’)? from (5) into (6) to obtain 











1 (Py 
22 +02 
Madd icin Gi IP. he PAE pate PL ey Pal 
pete?) + laa) ~ apa lt Gee” + EOE 
=; aff! u)2u' 4 fe uly! 
ete)” + are 





Substitute u” = —2Ef vu’ from (4) into (7) to obtain 


fr aff 
A ae is ae oe 


ee (eden aff’ 
PP +P ae + (9')? 





5(u’)?v" 








This implies that (|7'|?)’ = 0, so |7|? = const. 
Conversely, assume that Io |? = const. Then (|7’|?)’ = 0, so 








ff! +9'9" an ff! N27 fe PA 
RRO) H+ EGR * OER = &) 
Substitute wu” = =f uly! from (4) into (8) to obtain 

; fia gt | ff “a ie ff’ ie 
Tne oe) +e op aR” opp pOI=% 


Since v’ 4 0, so the equation above is equivalent to 





yl! ff" ( i? \ ff’ +99" 5(v')? —(0 
Cimon ey Pa a): 

Hence the equation (5) is equivalent to |y'|? = const. 
We have 
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(f2u'y’ = Qf ful! as fra" 
/ 
=f tal +255 ue) 
=O by (4). 
This implies that f?u’ = const. Since 


| (ty, tyu! + Cyr’) | 
|r| 





= |fu'| 


cos 8 = 


and f =r, so 


rcos B = |f?u'| = const. 


(d) Let po be a point of the paraboloid and let Po be the parallel of 
radius ro passing through po. Let y be a parametrized geodesic passing 
through po and making an angle 09 with Po. Since, by Clairaut’s relation, 


1 
rcos@ = const. = |c|, VS0= > 


we conclude that @ increases with r. 

Therefore, if we follow in the direction of the increasing parallels, 6 
increases. It may happen that in some revolution surfaces y approaches 
asymptotically a meridian. We shall show in a while that such is not the 
case with a paraboloid of revolution. That is, the geodesic y intersects all 
the meridians, and therefore it makes an infinite number of turns around 
the paraboloid. 

On the other hand, if we follow the direction of decreasing parallels, 
the angle 0 decreases and approaches the value 0, which corresponds to a 
parallel of radius |c| (observe that if 09 4 0, |c| < r). Since no parallel 
of the paraboloid is a geodesic, the geodesic y is actually tangent to the 
parallel of radius |c| at the point pi. Because 1 is a maximum for cos9, 
the value of r will increase starting from p;.We are, therefore, in the same 
situation as before. The geodesic will go around the paraboloid an infinite 
number of turns, in the direction of the increasing r’s, and it will clearly 
intersect the other branch infinitely often. 

Observe that if #9 = 0, the initial situation is that of the point py. 
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It remains to show that when r increases, the geodesic y meets all the 
meridians of the paraboloid. Observe initially that the geodesic cannot be 
tangent to a meridian. Otherwise, it would coincide with the meridian by 
the uniqueness part of Prop. 5 of Section 4.4 from [Car16]. Since the angle 
? increases with r, if y did not cut all the meridians, it would approach 
asymptotically a meridian, say M. 

Let us assume that this is the case and let us choose a system of local 
coordinates for the paraboloid z = x? + y?, given by 


xL = vcosu, y = vsinu, Z=v", 


0O<v<+o0, O0<u< 2r, 


in such a way that the corresponding coordinate neighborhood contains M 
as u = ug. By hypothesis u > ug when v > oo. On the other hand, the 
equation of the geodesic y in this coordinate system is given by (cf. Eq. 
(6)), Example 5 from [Car16] and choose an orientation on y such that 
c>0) 





14+ 4v? du 
ae v + const. > c a. + const., 
since 
1 4y? 
rr 


It follows from the above inequality that as v > oo, u increases beyond 
any value, which contradicts the fact that y approaches M asymptotically. 
Therefore, y intersects all the meridians and this completes the proof of the 
assertion made in part (d). 


EXERCISE 105 (Exercise 3.7 (Geodisic frame) from |Car92].). Let M 
be a Riemannian manifold of dimension n and let p € M. Show that there 
exists a neighborhood U Cc M of p and n vector fields Fj,..., En € x(U), 
orthonormal at each point of U, such that, at p, Vz, E;(p) = 0. 

Such a family F;,2 = 1,...,n, of vector fields is called a (local) geodesic 
frame at p. 
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SOLUTION. Let U = B,(p) C M” be a normal neighborhood. For each 
q € U, there is a nomalized geodesic yg joint p and q. Let {v1,v2,...,Un} 
be an orthogonal basis of T,M and let {Vi, V2,...,Vn} be their respective 
parallel transpots along y,. For each j = 1,n, define the field E; by 





E;(q) = Ve(d(p, @)) 


where d is the Riemann distance. We have E; is a field C°, because 
curves Yq vary C'°° with q in the sense that EDO’s geodesics y, have their 
coefficients depending on C® of q. 

Now consider o;(s) be the normalized geodesics such that o;(0) = p and 


o4(0) = v; = V;(0) = E,(p). We have 


DE; ° di) | 

ds <— 
Since (Ej 0 o;)(s) = Vj(d(p, oi(s))) = Vj(s) is a parallel field along 7,5) = 
Gil|o,s], we have that 


V5,E;(p) = Vai(p) Ej = Vor) Ej = 


EXERCISE 106 (Exercise 3.8 from [Car92].). Let MM be a Riemannian 
manifold. Let X € x(M) and f € D(M). Define the divergence of X as 
a function divX:M — Rgiven by divX(p) = trace of the linear mapping 
Y(p) > Vy X(p), p € M,and the gradient of f as a vector field grad f on 
M defined by 


(grad f(p), v) = dfp(v),p € M,v € T,)M. 
(a) Let E;, 7 = 1,...,n = dim M, be a geodesic frame at p € M (see 
Exercise Exercise 3.7). Show that: 


n 


grad f(p) => (Ei(f)) Ei(p), 


t=1 
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div X (p es E;( (0 where X = Ss" fii 


(b) Suppose that M = R”, with coordinates (7},...,¢%,) and os = 
(ioc lO) ee. show thay: 


a 
gradf =S> Se, 


i=1 





divX = ey where X = S- fies. 


SOLUTION. Define f(Y) = Vy(X). We have 


f(Ei) = Ve,X 


= 20 i(fi) +) BAT, ip (1) 


4,9 
But 


pe = Vu,E; 


=0 


since {F1, Eo,..., E,} is a local geodesic frame at p. Since Fj, Fo,..., En 
are linear independent, so r, = 0, Vk. This implies that rk = 0, Vk,i,7 € 
{1,2,...,n}. Therefore the equation (1) becomes 


= S- Ei( fr) Ex 
k 


The trace of the mapping f is 


trace(f) = De Ex (fi). 


Thus 
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n 


div X (p) = trace(f) == S- Ei(fi)(p), 


i=1 
where X = )0, fiFi. 
Represent gradf(p) on the basis {F,...,E,} by 
grad f(p) = )> ai E;(p). 
i=1 


Since {F,...,E,} is orthonormal, so 


(grad f(p), Ei) = ay. 
Thus 


= VEN) Ep) 
i=1 
(b) In the case M = R”, the E; = e; and E,(f) = (gradf,e;) = ge. 
Thus 
eradf = 3S ba, 
and 





EXERCISE 107 (Exercise 3.10 from [Car92].). Let f: [0,1] x [0,a] > M 
be a parametrized surface such that for all to € [0,a], at the point f(0, to), 
s € [0,1], is a geodesic parametrized by arc length, which is orthogonal to 
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the curve t > f(0,t), t € [0,a], at the point f(0,t,). Prove that, for all 
(So, to) € [0,1] x [0, a], the curves s > f(s,to), t > f(So,t) are orthogonal 
Hint: Differentiate (2, af) with respect to s, obtaining 





doh Tiegh OF oF) (of EOF. 
ds‘Os’ Ot’ ‘ds Qs’ Ot’ ' ds’ dt As 
14 of Of, _, 
~ 2dt‘ds’ As’ ”’ 
where we used the symmetry of the onnection and the fact that Dot = 


SOLUTION. Differentiate (gb. 3) with respect to s, obtaining 








T 


¢ (3 ) = ( DOF st) | (3 i a by the symmetry of the connection 








ds \ Os’ Ot ds Os’ Ot Os’ dt Os 
POF DOF . Dod _ 
= (Hor) since rrr mas 
We have 
(Be) = 2( 2 oe) since the inner product is symmetry. 
Thus 
Of Dof _ild Of Of 
Os’ dt0s/  2dt \ ds’ Ot /° 
Hence 
d /Of Of _id Of Of 
ds \ 0s’ Ot / = 2dt \ Os’ Os 
Therefore 


Ys € [0,1] and t € [0,a]. In particular, we have 
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(FE oo) Seto) = (SA(0), $e (t0) ) =0 


Thus the curves s > f(s,to), t > s(so,t) are orthogonal. 


EXERCISE 108 (Exercise 4.4 from [Car92].). Let M be a Riemannian 
manifold with the following property: given any two points p,q € M, the 
parallel transport from p to q does not depend on the curve that joins p 
to q. Prove that the curvature of M is identically zero, that is, for all 
X,Y,Z €N(M),R(X,Y)Z = 0. 

Hint: Consider a parametrized surface f: U C R? > M, where 


UVHS(Ge Res rest estes oles = 0} 
and f(s,0) = f(0,0), for all s. Let Vo € To,9)(/Z) and define a field V 
along f by: V(s,0) = Vo and, if t 4 0, V(s,t) is the parallel transport of 
V, along the curve t > f(s,t). Then, from Lemma 4.1, 
Ds, 00 af of 


Son = Oe ope 


Since parallel transport does not depend on the curve chosen V(s,1) is the 
parallel transport of V(0,1) along the curve s > f(s,1), hence PV(s, i a 
0. Thus, 


Ris (Lo, 1), 2L, 1))V(0,1) =0. 


Use the arbitrariness of f and V, to conclude what is required. 


SOLUTION. Consider a parametrized surface f: U C R? > M, where 


U={(s,t)€ R;-e<t<1t6-exs<1+ee> 0} 


and f(s,0) = f(0,0), for all s. Let Vo € Tyo,0)(M) abd define a field V 
along f by: V(s,0) = Vo and, if t 4 0, V(s,t) is the parallel tranport of Vo 
along the curve t > f(s,t). Then, from Lemma 4.1, 


DD DD OF OF 

asa ~° = Bas” + Bae as 
Since parallel transport does not depend on the curve chosen, ne 8,1) is the 
parallel transport of V(0,1) along the curve s > f(s,1), hence PV(s, 1) = 


0. Thus 


ny 
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O O 
Ryaay(Ge(0,1), 24(0,1))V(0,1) =0. 


By the arbitrariness of f and Vo, and by the existence and uniqueness de- 
pendent on initial conditions theorem of the ordinary differential equations, 
we conclude that R(X, Y)Z = 0. 


EXERCISE 109 (Exercise 4.7 from [Car92].). Prove the 2nd Bianchi 
Identity: 


VR(X,Y,Z,W,T) + VR(X,Y,W,T, Z) + VR(X,Y,T, Z,W) =0 
for all X,Y,Z,W,T €X(M). 


Hint: Since the objects involved are all tensors, it suffices to prove the 
equality at a point p € M. Choose a geodesic frame {e;} based at p (See 
Exercise 7 of Chap. 3). In the frame Ve¢,e;(p) = 0, hence 


VR(Ei, €;, Ck, €1,€n) = en(R(R(eces) ex, er) = en(R(ex, €1)ei, €5) 
= (Wer Vie Weer _ Ve, Ve, Ve, €i + Ven, V [ex,6)] C82 ae 
Therefore, using the Jacobi identity for the bracket, we find 


VRE, €j, €k, El, en) a VRE, Ej, €1,€n; ex) 
+V R(e;, €;, €n-€k, 1) = Req, en, Vex eis €3) 
+R(en, Cr, Veris By) a Riex, Cbs. V eg ehs €;) = 0, 


since each one of the summands vanishes at p. The general case follows by 
linearity. 


SOLUTION. Choose a geodesic frame {e;} based at p. By Corollary 3.3 
in Chapter 2 from [Car92], 
en (Rex, €1) ei, 7) = (Ven R(ex, e1)ei, 7) + (R(er, e1)ei, Ven) - 
For the geodesic frame then V-,e;(p) = 0, so 


en Rl eps 1) Ci€;) = 5 Ve Beh ei )eise;) (1) 


Since V-,e;(p) = 0, and R is a mutilinear mapping, so at p, we have 
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V Rei, €7, ek, €1,€n) = enR(ei, ej, ek, e1) — R( Ve, ei,---€1) — ++: — R(ei,e;,..-, Ve, 1) 

= en R(ej, €;, ex, 1) 

= en (R(ei, ej ek, e1) - (2) 
By Proposition 2.5 in Chapter 4 from [Car92], then 


(Hes e; eu er). = (eis e7 eR 1) 

(€x; €1; C4, €;) 

(R(ex, €1)ei, €;) - (3) 
It follows from (1), (2) and (3) that 


VR(Ee;, €7, €k, El, Cn) = Cn (Rex, €1) €:, €7) 
= (Va, VaVa.e _ Ve, Vex Vex €i + Ven V [ex ,e1] €t> €;) F (4) 


Similarly, 


VR(ei, Ej, El, Enh, ex) = (Ve,Ve, Ve ej — Vex Ve; Veep &i = ily? Vex V fex,en] © €;) ’ (5) 
VR(e, €j,€h, Ck, el) = (Ve Ve 6€% _ Vig Vier V ei Tr Ver V [en ex] €is ey . (6) 
Add (4), (5) and (6) to obtain 





VR(ei, ej, ek, €1, en) + VR(ei, €7, 1, €ns Ck) 
+V Rei, €7,€ns ks C1) = (Ve, Ve, Ven ei — Vey, Vex Veyei + Vex, Vicye1]& 
+ Ve, Ven Ve pei — Vex Vey Ven ei + Vex Ve) ep Je 
+Ve, Ve, Ve, ei — Ve, Ve, Ven ei + Vez Vie; en]€i 03) (7) 


But 


Rei, en, Ve, Ci, €7) = (R(e1, en) Ve, ei, ej) 
= (Ven Ve, Vex €1 — Ve, Ve, Ve, ei + Vie;,en] Vex ets €;) 
= (Voi Ve, Vex Gi ax Ve, Ven Vex, Ci oe Vieren] Vex Cis €;) : (8) 





Similarly, 


Rien, ek; Ve Ci; €;) = (Vex Vep, Ve, Ci a Ven Vex Ve, Ci ae Vien en] ¥ er ei, ej) ’ (9) 
Rex, €1, Ve, ei, ej) = (Ve, Vex Ven ei — Veg Vey Ven ei + Viex.er] Ven Cis e;) : (10) 
We have 
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Vex V [ern] — Vier,en] Vex = [ex, ler, enll, (11) 
Ver Vien.ex] = Viex,ex] Ver = lel, len, ex||; (12) 
Ven V [ex,€1] ~ Viex,e:] Ven = [en, [ek, ei]. (13) 


Add (11), (12) and (13) to obtain 


Vex V[et,en] + Ver Vien,ex] ae Ven V [exer] 
Vienent Vex oi Vien ex] Vet + Miewen Vea) = [er, [eu en]] + lex, len, ex] te [ens [ex, ei] 
= 0, 


by the Jacobi identity. Therefore, 


Vex Vieren] + Ver Viensex) + Ven Viex,er] = Vier.enl Vex + Viensex] Ver + Viex,e:] Ven: (14) 
It follows from (7), (8), (9), (10) and (14) that 


V Rei, ej, €k, et, en) + VR(Ei, €j, 1, en, Cx) 
+V R(Ei, €7, en, Ck, €1) = R(ei, en, Ve, ei, ej) + Rlen, ek, Ve, ei, €7) 
+ Rex, er, Ve, ei, ej): 


Since each one of the summands vanishes at p (Ve,e:(p) = Ve,ei(p) = 
Ve,€i(p) = 0), so 


V Rei, €7, €x, 1, €n) + VRE, ej, 1, Cn, Ck) + VR(ei, 7, €n, ek, et) = 0. 
The general case follows from by linearity. 


EXERCISE 110 (Exercise 4.8 from |[Car92].). (Schur’s Theorem). Let 
M” be a connected Riemannian man-ifold with n > 3. Suppose that M is 
isotropic, that is, for each p € M,the sectional curvature K(p,c) does not 
depend on o C T,M. Prove that M has constant sectional curvature, that 
is, K(p,o) also does not depend on p. 

Hint: Define a tensor R’of order 4 by 


R'(W, Z, X,Y) = (W,X)(Z,¥) — (Z, X)(W,Y). 


If K(p,o0) = K does not depend on a, by Lemma 3.4, R = KR’. Therefore, 
for all U € 8(M),VuR = (UK)R’. Using the 2nd Bianchi identity (see 


Exercise 7): 
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VR(W, Z,X,Y,U) + VR(W, Z, Y,U, X) + VR(W, Z,U, X,Y) =0, 
we obtain, for all X¥,Y,W,Z,U € X(M), 
0 = (UK)((W, X)(Z,Y) — (2, X)(W,Y)) + (XK)(W,Y){Z, U) — (2, Y)(W, U)) 
+ (Y K)((W,U)(Z, X) — (Z,U)(W, X)). 
Fix p € M. Because n > 3, it is possible, fixing X at p, to choose Y and Z 
aie Such that (XY) Sy A) = XO ae = Pi 7 at p: 
the relation above yields, for all W, 
(X, K)Y — (YK)X,W) =0. 


Since X and Y are linearly independent at p, we conclude that Xk = 0 
for alll X € T,M. Thus K = const. 


SOLUTION. As in Lemma 3.4 of Chapter 4 from [Car92], we define a 
tensor R’ of order 4 by 


R'(W, Z, X,Y) =(W,X)(Z,Y) —(Z, X) (WY). 


If K(p,o0) = Kp does not depend on o, by Lemma 3.4, R = K,R’. There- 
fore, for all U € X(M), 


VuR=Vukp:R 
= KpVuR’ + (UK)R’ 
= (UK): 
Using the 2nd Bianchi identity (see Exercise 7): 


VR(W, Z,X,Y,U) + VR(W, Z,Y,U, X) + VR(W, Z,U, X,Y) =0, 
we obtain, for all X,Y,W,Z,U € X(M), 


(UKp)((W, X) (Z,Y) — (Z,X) (W,Y)) 
+(X Kp) ((W,Y) (Z,U) — (Z,Y) (W,U)) 
+(¥Kp)((W,U) (Z,X) — (Z,U) (W, X)) =0. 
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Fix p € M. Because n > 3, we can fix X at p, to choose Y and Z at p 
such that (X,Y) = (Y,Z) = (Z,X) =0, (Z, Z) =1. Put U = Z at p. The 
relation above yields, for all W, 


(XKp)((W,Y)) — (Y Kp) ((W, X)) 

= (XK,)((Y, W)) — (Y Kp) ((X, W)) since the inner product is symmetric 
= ((XKp)Y — (¥ Kp) X, W) 
= 0. 


((XKp)¥ — (Y Kp) X,W) = 0. 
Since W is arbitrary, so take W = (XK,)Y — (Y K,)X to obtain 


((XKp)Y — (Y Kp)X, (XKp)Y — (Y Kp)X) = 0. 
This implies that 


(XK,)Y — (Y Kp)X =0. (1) 
Since X and Y are independent at p (taking X 40, Y £0 and (X,Y) =0 


above), so it follows from (1) that XK, = 0 for all X € T,M. Thus 
Ky = const. 


EXERCISE 111 (Exercise 4.9 from |Car92].). Prove that the scalar cur- 
vature K(p) at p € M is given by 


K(p) = : ip Ricp(x)dS”", 
Wn—-1 J gn-1 
where w,_1 is the area of the sphere S”~1in T,M and dS”—' is the area 
elements on S"~1, 
Hint: Use the following general argument on quadratic forms. Consider 
an orthonormal basis €1,...,€n in T,M such that if ¢ )>y"_, ve,, 





Ries (x) = S- \i2?, j 
real. Because | x |= 1, the vector (#1,...,%) = v is a unit normal vector 
on S"—!. Denoting V = (\1#1,-.., \n%n), and using Stokes Theorem, we 
obtain 
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1 S22 nm—-1 _ ok 5 n—Il 
o> \r?)dS"-1 = [unas 


= : is divVdB", 


Wn—-1 





where B” is the unit ball whose boundary is S"~! = 0B”. Noting that vol 
B” [wy = 1/n, we conclude that 


1 


Wn—-1 








1 i 
i Ric,(x)dS”~' = —divV = 2 
gr-l nr 


=: >> Ric, (e:) 


= K(p). 


SOLUTION. We know that a quadratic form can be tranformed to a 
standard from (linear algebra). Therefore, there exists an orthonomrla 
basis €1, €2,...,€n in T,(M) such that if « = S77.) rei, 


n 
Ric,(x) = Ss" x?, d; real. 
i=1 
Because ||x|| = 1, the vector v = (%,...,%,) is a unit normal vector on 


S"-! Denoting V = (A121,-.-,An%n), and using Stokes Theorem, we 
obtain 








1 . A nm—-1 __ 1 n—-1 
SOs Nix?) dS"! = = (V,v) dS 


Wn-1 j=] Wn—1 
1 
Wn—1 Br 


where B” is the unit ball whose boundary is $”~! = 0B”. 
But divV = yo", 2% = 7", i, Ricp(ei) = As, [gn dB” = vol(B"), 


divV dB”, 











and wie) = 1. we obtain 
n—-1 n 
1 1 De De 
Ric,(x) dS"! = —divV = din ™ since divV = const 
Oya sow” n n 


_ ae Ric,(ei) 


n 


= K(p). 
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EXERCISE 112 (Exercise 5.1 from [Car92].). Let M be a Riemannian 
manifold with sectional curvature identically zero. Show that, for every 
p € M, the mapping exp,: B.(0) C T,M — B.(p) is an isometry, where 
B-(p) is a normal ball at p. 


SOLUTION. The mapping exp,: B.(0) C T,(M) — B,(p) is a diffeo- 
morphism and applying Lemma 3.5 of Chapter 3 from [Car92], we have 


((dexpy)vv, (dexp,)yw) = (uv, w) . 


Thus the mapping exp, is an isometry. 


EXERCISE 113 (Exercise 5.2 from [Car92].). Let M be a Riemannian 
manifold, y: [0,1] + M a geodesic, and J a Jacobi field along y. Prove 
that there exists a parametrized surface f(t,s), where f(t,0) = y(t) and 
the curves t > f(t, s) are geodesics, such that J(t) = of ie, 0). 

Hint: Choose a curve (s), s € (—e,¢) in M such that (0) = 7( 
»‘(0) = J(0). Along > choose a vector field W(s) with W(0) = 7( 
PW (0) = 22 (0). Define f(s, t) = exp ,) (W(s) and verify that of 0,0) = 
4 (0) = J(0) and 


0), 
0), 





DOF D of DW DJ 
Hos”) = ae 9 OD = Ge) = GO: 

SOLUTION. We choose a curve (s), s € (—e,€) in M such that A(0) = 
7(0), X’(0) = J(0). Along choose a vector field W(s) with W(0) = 9/(0), 
DW _ DJ 

Define f(s,t) = exp):,)tW(s). We have 








OF (0,0) = J(0) 


Os 
=X (0) 


——“ (0,0) = as ot 0”) by Lemma 3.4 
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Thus 


J(t) = mG 0) by Proposition 2.4. 

EXERCISE 114 (Exercise 5.3 from [Car92].). Let M/ be a Riemannian 
manifold with non-positive sectional curvature. Prove that, for all p, the 
conjugate locus C(p) is empty. 

Hint: Assume the existence of a non-trivial Jacobi field along the ge- 
odesic y: [0,a] ~ M, with 7(0) = p, J(0) = J(a) = 0. Use the Jacobi 
equation to show that 4 (ff J) > 0. Conclude that (22, J) = 0. Since 
4 (J, J) = 2(42, J) = 0, we have || J ||?= const. = 0, a contradiction 


SOLUTION. Asume the existence of a non-trivial Jacobi field along the 
geodesic y: [0,a] > M, with (0) = p, J(0) = J(a) = 0. We have 


d (DJ \\_ (DI j\ , (DJ DI 
dt \ dt’ dt? ’ ' \ dt? dt 





= (-R(y'(t)), J(t)) 7 (0), J) + (27 7) by the Jacobi equation. 
Since non-position section curvature and Bs BJ\ > 0, so the equation 


above implies 
Define 


DJ 


Since ag = a (42, J > 0, so g(t) is increasing, therefore 


TORS ORO (J, J(a)) =i, 


Thus 


g(t) =0 for all t € [0, al. 


or 
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0. 


po 
a|S 
KLE 
Q 
“XN” 
III 


Since 4 (J, J) = 2(47, J) = 0, so ||J||? = const = 0 (since J(0) = 0). 


This contradicts to non-trivial Jacobi field. 

EXERCISE 115 (Exercise 5.6 from [Car92].). Let MZ be a Riemann- 
ian manifold of dimension two (in this case we say that M is a surface). 
Let Ba(p) be a normail ball around the point p € M and consider the 
parametrized surface 


f(p,8) = exp, pv(9), O<p<6,-17<O0<7, 


where vu(@) is a circle of radius 6 in T,.M parametrized by the central angle 
0. 

(a) Show that (,@) are coordinates in an open set U C M formed by 
the open ball Bs(p) minus the ray exp,(—pv(0))0 < p < 6. Such coordinates 
are called polar coordinates at p. 

(b) Show that the coeffcients gi; if the Riemannian metrix in these 
coordinates are: 


O 
gz = 9, gu =| ol Fao) P= 1, g22 =| =F 
p 


(c) Show that, along the geodesic f(p,0), we have 


(922) pp = —K(p)p + R(p), 
(p) 


where lim we = 0 and K(p) is the sectional curvature of M at p. 
—> 


d) Prove that 


—K(p). 


This last expression is the value of the Gaussian curvature of M at p given 
in polar coordinates (Cf., for example |[Car76] p. 288). This fact from 
the theory of surfaces, and (d) shows that, in dimension two, the sectional 
curvature coincides with the Gaussian curvature. In the next chapter, we 
shall give a more direct proof of this fact. 


142 


SOLUTION. (a) Let exp,(/) = L, where L is the ray exp,(—pv(9)), 
0<p<0. Let x: U\l > B;(p)\L be asystem of geodesic polar coordinates 
(p, 0). Every point in Bs(p)\L is defined uniquely by a some pair (p, 0) and 
converse since exp, is an isomorphism. Thus (p,@) are coordinates in an 
open set U C M formed by the open ball Bs(p) minus the ray exp,(—pv(9)), 
0<p<o. 


(b) Since gi2 = (3, os, so 


(912) = Ore Ox ie dx Ox 
Fae = \ Bp?’ 66 dp’ a00p |” 
Since 6 = const, is a geodesic, we have 


(oe = (=. (52)) 


_10 [ax a0\ _, 
~ 200\0p’ Op/ 


For each q € Bs(p), we denote a(o) as the geodesic circle that passes 
through g, where o € (—7,7). (Note that if g = p then a(c) is the constant 
curve a(o) = p.) We denote 7(s), where s is the arc length of y, as the 
radical geodesic that passes through q. With this notation we may write 


da dy 
gi2(p, 8) = (S 2) . 


The coefficient gi2(p, @) does not defined at p. However, if we fix the radical 
geodesic 6 = const, the second number of the above equation is defined for 
every point of this geodesic. Since at p, a(a) = p, so a = 0, we obtain 


lim = lim Ge, = 0 
0 pao ok dey 


Since (g12)p = 0, so gi2 does not depend on p and the fact above implies 
that gig = 0. 

By the definition of the exponential map, p measures the arc length 
along the curve @ = const. This implies that 


0 
gu = sp = le)? =1 
p 


and we also have 





922 = (7 5) = OF 2 
00° 06 Oo” 


(c) By Corollary 2.10 of Chapter 5 from [Car92], then 


- R(p) 


i: 
|J(p)| = p— gk (ep + R(p), where lim ar —0. 


p—0 


Since joo = || = |J(p)|, so Gan = p — 1 K(p)p? + R(p). 


derivative twice with respect to p to obtain 


(912) pp = —K(p)p + (R) pp: 


Put R= (R)pp, then 


(922) pp = —K(p)p + R(p). (1) 
Using l’Hopital rule to obtain 
0 = lim = = lim (R)op 
p>0 p p>0 69 
Hence 
lim (Poo 0. 
p>0 =p 
Thus 
lim R(p) = 0. (2) 
p>0 


Equations (1) and (2) satisfy the requires of the problem. 
(d) Firstly, we shall prove that 


Indeed, 
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Taking 
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p70 pp 70 p 
_ p— eK (p)p*® + R(p) 
= lim =1 
p-0 p 
since lim, +0 Rie) = lim,+0 prt = 0. Next, we have 
lim (922) 0 922) op = lim (y 922) pp - lim p 
p>0- ,/g22 p—0 p p—0 ,/g22 
= lim (922) op since lim =1 
p0 op p0 4/922 
—K 
— im — W)e + Re) 
p—0 p 
= hp) 
since lim,_s9 Rte) =O and ,/go2 = —K(p)p + R(p). 
Therefore 
lim (V/922) pp K(p) 


EXERCISE 116 (Exercise 5.7 from [Car92].). Let MM be a Riemannian 
manifold of dimension two. Let p € M and let V C T,,M be a neighborhood 
of the origin where exp, is a diffeomorphism. Let S;(0) C V be a circle 
of radius r centered at the origin, and let L, be the length of the curve 
exp,(S;) in M. Prove that the sectional curvatire at p € M is given by 


. 8 2rr—L, 
K(p) = ae rs 
Hint: Use Exercise 6. 


SOLUTION. (a) By Exercise 6, we have 


V2 = p— 5K (we + R(p). 


We also have 
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L, = lim Vga d0 = 2nr — arK(p) +R, 
+e 


630 J_y 


where lim,_50 Ay = 0. This implies that 


3 2nr—L,+ Ry 





Kp) a 7 re ) 
. 38 wr-L, . . Ry 
= lim — - — a since lim — = 0. 
r0 7 r ro0 Tr 


EXERCISE 117 (Exercise 6.1 from [Car92].). Let M, and Mp be Rie- 
mannian manifolds, and consider the product My x M2, with the product 
matric. Let V'be the Riemannian connection of Mj, and let V? be the 
Riemannian connection of Mo 

(a) Show that the Riemannian connection V of M, x Mo is given by 
Vyi+¥o(X1 + X2) = Vy, X1 + V},X2,%1, 1 © X(M1), Xo, Yo © X(Mp). 

(b) For every p € M1, the set (M2), = {(p,q) € M1 x Ma;q € Mo} isa 
submanifold of M, x Mo, naturally diffeomorphic to Mz. Prove that (M2)p 
is a totally geodesic submanifold of My x Mo. 

(c) Let o(2,y) C Tipq)(Mi x Mp2) be a plane such that x € T,M; and 
y € TyMp2. Show that K(c) = 0. 


SOLUTION. (a) Let p € M1, q € Mo. Consider the carmonical maps 
M, > M, x {q} and Mz > {p} x M2 be immersions of M; and M2 into 
M, x Mo. For X1,Y4 € M, x {q}, X9, Yo E {p} x Mo, 


Vy, X1 = (Vix) een, 
where X, Y are extensions of X; and Y;. We get a similar formula for 
Vi, X2. Define X, Y by 
X (a,b) = X1(a,q) + Xa(p, 6), 
Y (a,b) = Yi(a,q) + Yo(p,), 
for all (a,b) © M, x Mg. This gives 


Vy, Xa + Vi, Xo = (VyX)en + (Vyx)ien 
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as required. 
(b) Since M2 is natural diffeomorphic to (M2), and by part (a), so 


Vex =V2X for Y,X € Mp, 


where Vex = VyX. Thus B(X,Y) = 0 for all X,Y € (M2)y. Therefore 
B(x, x) = 0 for all « € (M2)p. For every y € My x Mo, y = (y1, y2), where 
yi © Mi, yo € Ma. So y € (Mp),,. This implies that B(y,y) = 0 for all 
y © M, x Mo. Hence (M2)» is totally geodesic on My x Mo. 

(c) Let (X1, Xo,...,Xn) and (Yi, Y2,...,Ym) be basis in T,M, and 
T, M2, respectively, where X; = we, eS Boy Whence ((X;, Yj)) is a 
basis in Tip q)(Mi x M2). Since Vx,x5 = 0 and VEN = 0 for all i,J, 
so V(x;,v;)(XeYi) = 0 and [(Xi, Yj), (Xx, ¥i)] = 0 for all i,7,k,1. Thus 
(x,y, x,y) = 0 for all x,y € o (since (a, y, u,v) is multilinear). Therefore 
Kia) =, 


EXERCISE 118 (Exercise 6.2 from [Car92].). Show that x : R? + R4given 
by 


1 
x(9, y) = —=(cos 6, sin 0, cos y, sin y), (0,~) € R? 


v2 


is an immersion of R?into the unit sphere $3(1) C R*, whose image x(R?) 
is a torusT?with sectional curvature zero in the induced matric 


SOLUTION. We have 


—_ sing 0 
vf 7 0 
pe — 75 608 ; 
0 apt 
0 — 79 008 8 


which is certainly of rank 2, so x is an immersion. Moreover, 


\|x(O, p)|| = 5 (cos? 6+ sin? 6 + cos? y + sin? y) 
= il 


so the image of x is contained in $3(1). Since (cos, sin @) and (cos y, sin v) 
parametrize the unit circle, so the image of x is S$! x S' = T°. 
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Define X; = we, & = aa(- sin 0X 1+cos 0X2) and z = aa(- sin y, X3+ 


cos py, X4). We note that K(g, ss) = 0 since all sectional curvature of R* 














ee Os “O. a) ok. JOP fa) 
= (Vos 55 V0/00 56° V 378% Gy Vo/oe 5 ) Var 5, Voyoe gl 


= On O07 = 0 
= (Vares a6’ Va7ae =) IVa7a0 ag lg 





since Va/o0es = 0, Va/oe bo = 0 and Va/a0b5 = 0 (because 6 and ¢ give 
coordinates on R?). Consider the vector field V where V (x1, x2, 73,24) = 


+_(—2, U1,—X4, x3). Then 


V2 
— oO =. 
Vaparag = VV 
1 
= 9 V -#2X1t01X2(—t2X1 a 41 X2) 


1 
= gl-22V xi (—22X1 + 4X2) + 21V x,(—42X1 + 11X2)| 


1 
= gl-#2¥1 (11) X2 + %X2(—2%2)X4] 


1 
= gl-21%1 — £9X9] 


since all the other terms in the expression of the third line are zero. A 
similar argument shows that 


= O 1 
VIE Dp = 5 3X3 — £4X4| 





and Vayagas = 0. Therefore 
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00, fo Oa O\ = Bp 
K (a5 Bp) = ( Varo Varae >) Vaan 5, 
1 
= 4) x1 X1 — rgX2q — 43X3 — 44X4) —0 
= 0. 





EXERCISE 119 (Exercise 6.3 from [Car92].). Let M be a Riemannian 
manifold and let N C kK C M be submanifolds of M. Suppose that N is 
totally geodesic in K and that K is totally geodesic in M. Prove that N 
is totally geodesic in M. 


SOLUTION. For every 7 is geodesic on N, then ¥ is also geodesic on K 
because N is totally geodesic in K. Since K is totally geodesic in M, so 
y is also geodesic on M. Thus every geodesic on K is also geodesic on M. 
Therefore N is totally geodesic on M. 


EXERCISE 120 (Exercise 6.6 from [Car92].). Let G be a Lie group with 
a bi-invariant metric. Let H be a Lie group and let h: H — G be an 
immersion that is also a homomorphism of groups (that is, H is a Lie 
subgroup of G). Show that h is a totally geodesic immersion. 


SOLUTION. Since the metric H inherits from G is bi-invariant on H, we 
know that the geodesics through the identity in H are one-parameter sub- 
groups of H. But a one-parameter subgroup of H is also a one-parameter 
subgroup of G. Since the one-parameter subgroups of G are just geodesics 
through the identiy, this implies that the geodesics through the identity in 
HT are geodesics in G, which demonstrates that H is a geodesics immersion 
at the identity. Since lift-translation is an isometry of H and istrometries 
take geodesics to geodesics, this in turn means that H is a geodesic immer- 
sion at every p € H, so H is totally geodesic immerson. 

The metric inherited from G on H is simply 


(u,U) 7 = (dhg(u), dhg(v))¢ 


where u,v € TjH. We shall prove that the metric H inherited from G is 
bi-invariant on H. Suppose u,v € TyH. Then 
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(u,v) 4 = (dhl), dho(v))g 
= ((dLnyg’))g © (dhg)u, (dLinyg’))g © (dhg)v) 4 
= (d(Liyg) oh) gu, d(Lag’ © A)gv)¢ 
= (d(hoh7'|g:0 Liyg') oh) gu, d(h o ho" |g 0 Lig’) 2 h)gv) 
= (d(ho Lg)gu,d(ho Ly)g%)q 
= ((dh)g o (dLg)gu, (dh) g © (dLg)gX) ¢ 
= ((dLg') gut, (dLg) gv) 5 - 


A similar calculation shows that this inherited metric is righ-invariant, so 
it is a bi-invariant metric. 


G 


EXERCISE 121 (Exercise 6.8 (The Clifford torus) from |[Car92].). . Con- 
sider the immersion «: R? > R‘*given in Exercise 2. 
(a) Show that the vectors 


e; = (—sin6,cos 90,0, 0), e2 = (0,0, —sin y, cos y) 
form an orthonormal basis of the tangent space, and that the vectors n, = 
Ja (cos 6,sin6,cosy,siny), ng = aa cos 8, — sin 0, cosy, siny) form an 


orthonor-mal basis of the normal space. 


b) Use the fact that 


(Shes) 67) = —(Ve,Nk, €;) = (Wei tie), 


where V is the covariant derivative (that os, the usual derivative) of R*, 
and i,7,k = 1,2, to establish that the matrices of S,,and S,,,with respect 
to the basic {e1, e2} are 


1 0 
Su=( 9 =a) 


(c) From Exercise 2, x is an immersion of the torus T? into $°(1) (the 
Clifford torus). Show that x is a minimal immersion. 
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SOLUTION. (a) By the solution of Exercise 3, we have rank(dx) = 2. 
So the dimension of the tangent space are 2. We have 


(e1,€2) = —sind-0+cosd-0+0- (—sin@) + Ocosé = 0, 
(e1,e1) = (—sin6)? -0 + (cos 6)? = 1, 
(€2,€2) = 0? + 0? + (—sin 6)? + (cos 6)? = 1. 


Therefore e; and e2 form an orthogonal basis of the tangent space. More- 
over, for all x in the tangent space, 7 = a1e1 +@2e€2 where qa, and ag belong 
to R and 


(m1, £) = ay (m1, e1) + a2 (n1, €2) 
Qa, : ; a2 : ; 
= ——(— sin @ cos @ + cos @ sin #) + —=(—sinycosy+ cosysiny), 
Ja! ) Ja! y cos ip ysin ) 
(ng, 2) = ay (ng, e1) + a2 (na, €2) 
= “1 (sin @ cos 4 — cos@sin @) + al sin y cos y + cos ysiny) = 0. 


V2 


So n, and ng are orthogonal to the tangent space, that is, ny and ng belong 
to the orthogonal complement of the tangent space, and 


1 
(ng, no) = rics cos’ 6 — sin? @ + cos” pt sin? gy =; 


(n1,n1) = 5 (cos? 6+ sin? 6 + cos? y + sin? y) = 1, 





(ng,n2) = 5 (cos? 6 + sin? 6 + cos? y + sin? y) = 1. 


Therefore n; and ng form an orthogonal basis of the normal space. 


(b) We have 


; 1 : 0 
e, = (—sin9,cos0,0,0) = V2+ a sin ™, cos 8,0,0) = V5 


Similarly, 


0 
Safa 
ie v25; 


Since 
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SO 


= = a 
(Sanlei ei) =4 Vere) = (Vag, V2a5™ ) 


= (- cos 6X1 — sin0Xo, 5 lcos 0X1 +sin0X2 + cos yX3 + sin eX.) 


—l 
V2’ 





= a cos” 6 — sin? 9) = 


and similarly, 


since Vag, viz = (0, 0,0, 0) 


and 


(Sni (e2), €1) = 0, 


= (- cos pX3 — sinyXa, Falco 0X1 +sin0X2 + cos yX3 + sin eX.)) 


Zi 
wot 








1 2 219 
5 cos* y — sin* y) = 


Moreover, 


- = a 
(Sing (e1), €1) = (Ve, e1, 72) = (Vyog, V255+M) 


= ( —cos6X, — sin Xo, at cos0X 1 — sin0X2 + cos ypX3 +sineX:) 
1 2,.2 —1 

= —~(cos’ @sin* #) = —, 
5 ) i 


and similarly, 
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and 


and 
(ste a) = (Ya fee na) 
7 ? Be Oy’ 


v2 
-1 


~ 2 v2" 


The metrices of S,,, and S;,, with respect to the basis {e1, e2} are 


1 -l1 0 
su =5(0 2.) 

1 1 0 
mm Blo 4) 


2 


= (- cos pX3 — sinyXa, ee cos 0X1 — sin@X2 + cos pX3 + sin eX.) 


(— cos? y — sin? y) = 





(c) Since 


cos 8, sin 8, cos y, sin y) 





1 
= 5 (cos” 8 + sin? 6 + cos” y + sin? y) = 1, 








Fa 
V2 
so n1 is thought of as a point which lies on the sphere $?(1), so n1 is thought 
of as a vector which is orthogonal to $3(1). Therefore, the subspace of TS : 
is normal to ee bee , where T? is the image of 2 spanned by nz. Therefore 
the condition of minimal that trace S;,, = 0, which is clearly does, given 
the computation in part (b) above (S,, = a ( : = ) Thus x is a 


minimal immersion. 


EXERCISE 122 (Exercise 6.10 from |Car92].). Let f: M@" > M"** be 
an isometric immersion and let S,,: TM — TM be the operator associated 
to the second fundamental form of f along the normal field 7. Consider 
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S;, as a tensor of order 2 given by S,(X,Y) = (S,(X),Y),X,Y € X(M). 
Observe that saying the operator S, is selfadjoint is equivalent to saying 
that the tensor S,os symmetric, that is, S,(X,Y) = S,(Y, X). Prove that 
for all V € X(M), the tensor Vy S;, is symmetric. 

Hint: Differentiating (S,X,Y) = (X,S,Y) with respect to V, we obtain 


(Vv (S)X),¥) + (Sp X, VVY) = (VVX, SnY) + (X, Vv (SnY)). 
Using the fact that 


((VvSn)X),¥) = (Vv (SnX),¥) — (Sn(VvVX), Y) 


and the previous expression, we obtain easily that 


((VvSy)S,¥) = (X, (Vv Sy)Y). 


SOLUTION. Differentiating (S,X,Y) = (X,S,Y) with respect to V to 
obtain 


(Vv (SnX), ¥) + (Sy) X, Vv¥) = (V(X), Sn¥) + (X, Vv (Sn¥)). (1) 
We know that 


(Vv Sn)X,Y) = (Vv (SX), ¥) — (Sn(VvX),¥). (2) 
Combining (1) and (2) to obtain 


(Vv Sn)X, Y) 

= (Vv (SnX), ¥) — (Sn(VvX),Y) by (2) 

= (VVX, SnY) + (X, Sn(VvY)) by (1) 
— (SnX,VvY) — (Sn(VvX),Y) 


since (Vy X, SnY) = (Sy(Vv X), Y) 


VAR) ents Vive by the operator Syis self-adjoint 


= (X, Vv (SnY)) — (X, Sn(VVY)) since S;, is self-adjoint 
= (X, (Vv SnY)) by (2). 


Thus 


(Vy S,)X, Y) =F (X, (Vv Sn)Y) ; 
Therefore for all V € X(M), the tensor Vy S;, is symmetric. 
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EXERCISE 123 (Exercise 6.11 from [Car92].). Let f: M"*" +R bea 
differentiable function. Define the Hessian, Hess f of f at p € M as the 
linear operator 

Hess f: T,M — T,M, (Hess f)Y = Vy grad f, Y € T,M, where V 
is the Riemannian connection of M. Let a be a regular value of f and let 
M" c M""" be the hypersuperface in M defined by M = {p € M; f(p) = 
a}. Prove that: 

(a) The Laplacian Af is given by 


Af = trace Hess f. 
(b) If X,Y € X(M),then 


((Hess f)Y, X) = (Y, (Hess f)X). 
Conclude that Hess f is self-adjoint, hence determines a symmetric bilinear 
form on T,M,p € M, given by (Hessf)(X,Y) = ((Hessf)X,Y),X,Y € 
TM. 
(c) The mean curvature H of M Cc M is given by 
grad f 
| gradf | 
gradf __ 


Hint: Take an orthonormal frame Fj,..., En, En41 = ead in a neight- 


nH = —div( J 


borhood of p € M in M and use the definition of divergence in Exercise 8, 
Chapter 3, to obtain 


nH = traceS;, = (Si, (Ei), Ei) 


i=1 





n n+l 
i=l i=1 
: : eradf 
= —div = —div . 
wn = NT raf | 


(d) Observe that every embedded hypersurface M” Cc M”* is locally 
the inverse image of a regular value. Conclude from (c) that the mean 
curvature H of such a hypersuperface is given by 
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H= oe 
n 


where N is an appropriate local extension of the unit normal vector field 
on M™ cM", 


SOLUTION. (a) By defintion, for every Y € T,M, 


Af (Y) = div gradf(Y) 
= traceVy grad f 
= trace Hess f(Y) 


since Y was arbitrary, so we have Af = Trace Hess f. 
(b) Let p€ M and Fy, Eo,..., Ey41 be a geodesic fram at the point p. 
The, for i,7 € {1,2,...,n4+1}, 


((Hessf)F;, Ej) = (Va,grad p, E;) 


Thus 


((Hessf) Fi, Ej) = Ei(E;(f)). (1) 


On the other hand, 
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(E;, (Hessf)E;) = (Ei, Vz,gradf) 


n+l 
= (5%, Scene 


k=1 


n+l 
(5 SUER AV 5 Ex + #,(B4 8s) 
k=1 


= E;(Ei(f)). 
Hence 
(E;, (Hess) E;) = E;(Ei(f)). (2) 
But 
0 = Vu,E; — Vi, Ei 

= [Ei, 5] 

= H,E; — Ej K;, 
so 


E\(Ejf) = Ey Eif). 
Therefore, combining with (1) and (2) to obtain 


((Hessf) Ei, Ej) = (Ei, (Hessf)Ej) . 
Since this holds for all i,7 € {1,2,...,2+ 1}, we conclude that Hessf is 


self-adjoint. 


(c) Let pe M CM. let Fy, Ey,..., En, Engi = ee = 7 be a an 





orthogonal frame about p. We have 


(Vin. n) = sn (n,n) 


= 5n(1) 
= 0. 


Thus by definition of divergent and of the mean curvature, 
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n 


nH = TraceS, = ye (Si, (£i), Fa) 


i=l 
n _ -_ n+1 _ 
=— 5° (Van.n) — (Vann) = >> (Vain, Fi) 
i=l i=l 
= —divyzn 
<. gg Brady 
= TY ead | 


(d) Let M be an embedded hyppersurface. Then, locally, M = f~!(r) 
for some regular value r. hence, for each point p € M, gradf(p) 4 0, so the 
expression derived in (c) is well-defined on all of M. Hence H = —idivN 
where N is an appropriate local extension of the unit normal vector field 
on M™ cM". 

EXERCISE 124 (Exercise 6.12 (Singularities of a Killing field) from 
|[Car92].). Let X be a Killing vector field on a Riemannian manifold M. 
Let N = {p € M; X(p) = 0}. Prove that: 

(a) If p € N, and V Cc M is a normal neighborhood of p, with q € 
NV, then the radial geodesic segment y joining p to q is contained in N. 
Conclude that yA V CN. 

(b) If p € N, there exists a neighborhood V C M of p such that VMN 
is a submanifold of M (this implies that every connected component of N 
is a submanifold of M). 

Hint: Proceed by induction, using (a). If p is isolated, noth ing has 
to be dome. In the contrary case, let V C M be a nor-mal neighborhood 
of p such that there exists qi € VMN and consider the radial geodesic 71 
joining p to qm. If VAN =, by (a), the proof is complete. Otherwise, 
let qo € VAN — {yy} and let yabe the radial geodesic joining p to qo. 
Let @ C T,M be the subspace generated by the vectors exp, '(q,) and 
exp, '(q2) and let No = exp,(QN exp, '(V)). Show that for all t € R, the 
restriction of the differential (dX;)p of the flow X;: M— M , to Q, is the 
identity; conclude now that No C VON. Proceed in this way until the 
dimension of TM is exhausted. 

(c) The codimension, as a submanifold of M, of a con-nected component 
Nx of N is even. Assume the fol-lowing fact: if a sphere has a non-vanishing 
differen-tiable vector field on it then its dimension must be odd (for a proof, 
see Armstring, [Ar], p. 198). 
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Hint: Let Ey = (TpNx)+ and let V C M be a normal neigh-borhood of 
p. Set Ni = exp, (Ep) M exp; '(V)). Since, for all t, (dX;)p: Ep + Ep,, we 
have that X is tangent to Ni. On the other hand, X ¥ 0 is tangent to the 
geodesic spheres of NV with cinterp. From the theorem mentioned above, 
the dimension of such a phere os odd. Hence dim NV. Z = dim Ey is even. 


SOLUTION. (a) Let vy; denote the flow of X. If pe N and V Cc M 
is a normal neighborhood of p, with q € NOV, then let y be the radial 
geodesic joining p to q. Since q € N, y:(q) = q for all t, where the flow is 
defined. Now, since y; is an isometry on V, y; maps geodesics to geodesics, 
specifically, y;(7y) is a geodesic. Since y; fixes p and q, y:(y) is a geodesic 
passing through p and q in V; by uniqueness of geodesics, then y;(y) = 7. 
Therefore, for any qd € yNV, vi(q') =, so X(q’) = 0. Thus, yAV CN. 

(b) We shall prove this by induction. If p is an isolated point, then 
{p} is a neighborhood of p and NN {p} = {p} is a 0-submanifold of M. 
Otherwise, let V ve a normal neighborhood of p such that there exists 
qa € VAN not equal to p. Let q, be the radial geodesic from p to q,. By 
part (a), WAV CN. if VAN = 74NV, then we are done, since 71M V is 
a 1l-submanifold of M. 

IfVANANUNV, then let q@ € VAN\{y}. Let y be the radial 
geodesic joining p to gg. By the same argument as in (a), yaNV CN. 

Now let Q C TM be the subspace generated by exp, '(q,) and eX, ' (qo), 
let No = exp,(QN exp, '(V)). Suppose v € Ng. Then v = aexp, | (q1) + 
bexp, '(q2) for some a,b € R. Hence 


(dyt)p(v) = (dyt)p(aexp, '(q1) + bexp; *(q2)) 
a(dpr)p(exp, '(q1)) + b(dgt)p(exp, *(a2)) 
aexpy '(q1) + bexp, '(q2) 


Since q, and q are fixed by y;. Therefore, we have (dy;), is the identity 
on Q. Therefore, if q € No, 


4(q) = exp, ((dyr)p(exp; (4) 
= exp, (exp; '(q1)) 
=; 
so No CVON. 
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If VON = No, then we are done, since No is a 2-submanifold of M. 
Otherwise if VM N 4 No, we pick gg € (VM N)\No and iterating the 
above procedure. At each stage, either this alogrithm terminates with Nj, 
an i-submanifold of M/, or we proceed to the next stage. Since we have only 
n-dimentions to work with, we see that this procedure must terminate, and 
so VAN is a submanifold of M. 

(c) Let pe Ny C N. Let Ey = (T,>N,)+ and let V C M be a normal 
neighborhood of p. Let Nj = exp, (Ey M exp, |(V)). Now, suppose v € 
Ey. Then (dyt)p(v) € TpNz and so exp,((dyt)pv) € Neg V, meaning 
that y:(exp,((dyr)pv)) = expy,((dyt)pv) = yelexp,(v)). However, since 
exp,v ¢ Ng, it can never flow to a point in Nz. Thus we conclude that 
(dy:)p: Ep + Ey, so X is tangent to Nj. On the other hand, since p is 
unique point on JN, ac where X vanishes, we know that X 4 0 is tangent to 
the geodesic spheres of N j-centered at p. Thus X is a non-vanishing vector 
field on the geodesic spheres of N — which are homeomorphic to plain odd 
spheres. Therefore, by the given fact, these geodesics spheres must be odd- 
dimensional, so N, is must be even-dimensional. Since dim N, bes = codimN,, 
we conclude that N; has even codimention in M. 


EXERCISE 125 (Exercise 7.2 from [Car92].). Let M be a covering space 
of a Riemannian manifold M. Show that it is possible to give M a Riemann- 
ian structure such that the covering map 7: M — M is a local isometry 
(this matric is called the covering metric). Show that M is complete in the 
covering metric if and only if M is complere. 


SOLUTION. Let 7: M+ M vea covering map. Since m(M) = M, so 
for every m € M, m™(m) belongs to M. Assume that {(Ua, %q)} is a maximal 
differntiable structure on M. Whence (Uo,,, Tam) is a parametrization of 
M at m. Since the differentiable structure is maximal, so Ug,, concides 
with the distinguished neighborhood Uj; of m such that t7!(Um) = UaVa 
where the V,’s are pariwise disjoint open sets and z|y,, is a homeomorphism 
of Va onto Um. The family {(Va,7~'|y, 0 %q)} is a differentiable structure 
on M. The inner product induced on M defined by 


(©, Y)q = (dt q(x), dq(¥)) x(q) 


for q € M, Ly € T,(M) which defined a Riemannian structure on M. 


Thus M has a Riemannian structure. For the inner product above, 7 is a 
local isometry. Since 7 is a local isometry, so M is a complete metric space 
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if and only if M isa complete metric space. Using the Hoft and Rinow 
Theorem, M is complete if and only if M is complete. 


EXERCISE 126 (Exercise 7.8 from [Car92].). Let M be a complete Rie- 
mannian manifold, M a connected Riemannian manifold, and f: M > M 
a differentiable mapping that is locally an isometry. Assume that any two 
points of M can be joined by a unique geodesic of M. Prove that f is 
injective and surjective (and, therefore, f is a global isometry). 


SOLUTION. Let p # q anf y: I — M be a geodesic, 7(0) = p and 
y(1) = gq. Cover y(I) by open sets U. where fly: Ua — f(Ua) is an 
isometry, by caompactness, there is a finite covering of U;’s or equivalently, 
there is a partition of J where 0 = to < tH) <---<tn=1, 








D df oy) D dy 
Hi! dt lits,teaa)) > dy (Fe (Fe ltistina)) 
=f (0): = 0; 
Therefore DG) = 0 on J implying that f oy is a geodesic in M 


joining f(p) to f(q). If f(p) = f(q), then f oy would be a closed geodesic, 
contradicting the uniqueness assumption. Thus f is injective. 

Uniqueness of geodesic joining any two points of M implies that M is 
complete, then exp, : Tp>M — M is surjective for any q € M. 

Let p € M is fixed. There is an open neighborhood U C M containing p 
such that fly + f(U) is an isometry. We have f(exp,(v)) = exP fp) (dfp(v)) 
for all v € T,M. Let q € N be arbitrary. There is q € Tj (p)M such that 
XP f(p) (w) =q. Since df, is an isometry of vector spaces, there is a u € T,M 
such that dfp(u) = w. Hence f(exp,(v)) = exp rip) (dfp(v)) = ¢. Thus f is 
surjective. 


EXERCISE 127 (Exercise 7.9 from |Car92].). Consider the upper half- 
plane 


Ri = {(z,y) € R’;y > 0} 


with the Riemannian metric given by 


1 
gu =1, gi2 = 9, 922 = . 


Show that the length of the vertical segment 
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x=0, e<y<l, with ¢« > 0, 


tends to 2 as « > 0. Conclude from this that such a metric is not complete. 
(Observe, nevertheless, that when y — 0 the length of vector, in this metric, 
becomes arbitrarily large.) 


SOLUTION. Parametrize the vertical sugement by 


y(t): [t, 1] > RY 
tr y(t) = (0,¢). 


For a given Riemannian metric, 


1 
ds? = dx? + 5 


So the length of the vertical segment is 


ae 
i= | — dt 
t vt 
= 2Wvt|t 
= 9=9/e. 


Therefore, 


lim 1 = lim(2 — 2\/e) 
«0 «0 
=2. 


Since when y —> 0, the length of vectors in this metric becomes arbitrary 
large, so this metric is not complete. 


EXERCISE 128 (Exercise 7.10 from |Car92].). Prove that the upper half- 
plane Ri with the Lobatchevski metric: 


Pi = 922 ar n2=0 
Y 


is complete. 
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SOLUTION. The metric given by 


1 
y? 
The mapping T, (x, y) = (x+a,y) is an isometry. This implies we can move 
any point to other point of the form (0, y). Next, the mapping D)(z,y) = 
(Az, Ay) is an isometry for A > 0. Putting these together shows that the 
hyperbolic plane is homogenous. Use T_, to move (a, y) to (a’,y’), move 
(x,y) to (0, y), then use Dy; to move (0, y) to (0, y’), then use T;, to mocw 
(0,y’) to (a’,y’). Thus, the upper half-plane R? with the Lobatchevski 
metric is homogeneous. By Exercise 12 below, it is complete. 


ds* = — (dx* + dy”). 


EXERCISE 129 (Exercise 7.12 from |Car92].). A Riemannian manifold 
is said to be homogeneous if given p,q € M there exists an isometry of M 
takes p into gq. Prove that any homegeneous manifold is complete. 


SOLUTION. The homogeneity of the manifold implies that there is € > 0 
such that exp, is defined on B(0,€) C T,(M), Vp € M. Indeed, suppose 
that for a given p € M, the exponential map exp, is defined on B (0,€) C 
T,(M). Then given q € M and f € Iso(M,g) with f(p) = 4, the diagram 


M 4 M 


exp, T T exp, 
B(0,e) CT,(M) — B(0,6) C T,(M) 
commutes by uniqueness of geodesics and the fact that isometries preserve 
geodesic. Therefore, any geodesics defined on a closed interval |a, b] can be 
extended to (a—€,b—€). That is, (M,g) is geodesically complete. Using 
Hoft-Rinow theorem to obtain M is complete. 
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